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On the statisticalorigins
of thede Broglie—Bohmquantumpotential:
Brownianmotion in a field of force as Bernsteindiffusion
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We demonstratethatBrownianmotion in theSmoluchowskiapproximationgeneratesarich classof Markovian diffusionsin
the frameworkof Zambrini’s “Euclidean quantummechanics”.The role of dynamicalsemigroupsin this formalismis made
explicit.

A mathematicalidealisation[1—3]of theindivid- By introducing the (irrotational, rot v= 0) local
ual Brownianparticledynamics,in caseof free evo- velocity field,
lution in the highfriction regime,is providedby the
configurationspace(Wiener) projectionof thephase ~= — D =~. ~ = — ~ , (3)
space(Ornstein—Uhlenbeck)process.Onedealsthen P
with the stochasticdifferential equation

for all conceivablechoicesof the smooth function
dX( t) = ~ d W(t), Po(x), the heatequation,if combinedwith assump-

X(0) =x0eR
3, 1�[0, TJ , D>O, (1) tion (3), inevitably gives rise [4] to the localcon-

servationlaw (the momentumbalanceequationin
which is a symbolicexpressionrepresentingan en- the kinetic theory lore [51)
sembleof possible[3] instantaneousvalues(sample
locationsin space),generatedby the randomnoise ôv+ (vV)v= — -1--VQ,
W(t) accordingto a definite statisticallaw. Equa- m
tions (1) is known (via the stochasticIto calculus) ______ Vp

0
toimply the Kolmogorovequationfor thetransition Q= 2mD

2 , vo = — D -~-—, (4)
probability density (heatkernel here), i.e. a fun-
damentallaw of randomdisplacementsof the pro- where m standsfor the hitherto absent(albeit in-
cess,which gives rise to the Fokker—Planck(heat) cludedin the definition of the diffusion constantD
equationfor thetimedevelopmentof theprobability via the fluctuation—dissipationtheorem) masspa-
distribution of diffusing particles, rameterof diffusing particles,while the potentialQ

is recognizedto havethe standardfunctional form
O,p=Dz~p,p(x,0)=p

0(x). (2) of the familiar de Broglie—Bohm quantumpoten-

Thenp(x, t) is the probability distribution of the tial”, exceptfor the opposite[4,5] sign.
randomvariableX( 1), giventhe distributionp0(x) In caseof anarbitrarynon-symmetricdistribution
of its initial valuesX( 0) in l~. Pa(x) we have the following property, which is

maintainedin the courseof the diffusion process
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coincide with the previously prescribedboundary

— 81Q= — ~ 81P~,,P~= D
2p8~8/ lnp, (5) data for randompropagationin the interval [0, T].

m ~ 1=! It is clearthat for arbitrarily chosen(not necessarily

where V~v(8k, 82, 83) and i,j=1, 2, 3. Apparently. disjoint) areasA and B in F~,theprobability to find
Pk/=öjJD2PA lnp in the totally isotropic case(seee.g. in B a particlewhich originatedfrom A at time 0 and
ref. [5]). The unconventional “pressure” term was subjectto the random(Brownian,e.g. Wiener)
(— (1/ m)VQ) in (4) is a distinctivecharacteristic perturbationsin the whole run of durationT, reads
of all diffusions derivable (via conditioning as ex-
ample [6]) from the Brownianmotion properand tn(A, B)= J~vJdym(x,y) (9)
is a collective, statisticalensemblemeasureof the A B

momentumtransferperunit of time andper unit of Theexistenceof m(x,y) is guaranteedby themajor
volume: away (— VQ correspondsto the conven- mathematicaldemonstration[9] that the solution
tional Brownianpropagationwith the obvious ten- of theSchrodingersystem(7), (8) in termsof pos-
dencyof a particleto leave the areaof higher con- itive functionsO~(x,0) and O(y, T) is unique and
centration)or towards (+VQ, seee.g. ref. [5]) the

can alwaysbe found.
infinitesimal surroundingof the given spatial loca- With thedataO~(x) and OT(X) we canconstruct
tion xeP3 at time t, at the verysamerate.

respectively the forward and backwarddiffusive
The conventionalBrownian dynamicsis a very propagationby meansof kernel (6),

specialsolution of thegeneralCauchyproblemcom-
posedof themassconservationlaw (2) andthe mo- 0~O~=DAO~, 8~O=—DAO,
mentumbalanceequation (4) with the initial data

O~(x,0)=O~
0(x), O(x, T)=OT(x)

p0(x), v0(x) in principleunrelated,in contrastto as-
sumption(3). Thenwe arrive [6—81at therich fam- te [0. T] . (10)
ily of Markoviandiffusions,all of which arethe des-
cendantsof the Brownian motion, the Brownian where
motion itself included.

To be morespecific, let us considerthe boundary ~ t)= Jh(y, 0, x, t)O~o(y)dy,
probability distributions p0(x)=p(x, 0), PT(X)=

p(x, T) fora stochasticdiffusion processin ~, con- O(v 1) = J h(x, t, y, T)01(y) dy, 0~t~T.
fined to the time interval [0, T] ~t. We realisethat
the dynamicalsemigroupoperatorexp(tDA) pro- (11)
vides us with the probabilistic semigrouptransition The local conservationlaws (2) and (4) are satis-
mechanism,in the sensethat the strictly positiveSe- fled by
migroup (heat in our case)kernel is given,

p(x,t)=(OO~)(x,t)
h(y,0,x,t)=(4itDt)”

2exp[—(x—y)2/4Dt]
v(x,t)=DVln(O/O~) (x,t)

=[exp(tD~)](y,x). (6)
xeP3, tE[O, T] . (12)

Following Schrodinger[6—9],we look for thejoint
probability distribution Completestatisticalinformationaboutthemost likely

way the individual particlespropagate,is provided
m(x,y)=O~(x,0)h(x, 0, y, T) O(y, T), (7) by thetransitiondensityp(y,s, x, t)=h(y, s, x, t)O(x,

whosemarginals t)/O(y, s) which solvesthe Kolmogorov (Fokker—
Planck) equation associatedwith the (individualJdxm(x,y)=pr(Y) , particle motion recipe) stochastic differential
equationJdym(x,y)=p

0(x), (8) dX(t)=b(X(t),t)dt+~DdW(t),
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b(x,t)=(u+v)(x,t), u(x,t)=D~, (13) VF=—~b=g (19)
P

is boundedfrom below: g(x)> —c, c>0, c is finite.
seee.g. refs. [7,6,10,111.Noticethatin notation(8)— Under this condition of boundedness,we know
(12) the standardBrownian motion is found in a [7,10,11] thateq. (17) definesthe fundamentalSe-
trivial way by substituting0~=p(x, t), 0= 1 for all migrouptransition mechanismunderlyingthe Smo-
timeste [0, T]. luchowski diffusion. Indeed,by (17) we have in

Our previousdiscussionwasentirely devotedto hands the well defined semigroup operator
the free Brownianevolution,andit is quite natural exp[ —t( —D~+ V/2mD)], whoseintegralkernelis
to addressthe issue of the effectsof externalforce a strictly positivesolution of (17) with the initial
fields on the randompropagation.In the high fric- condition lim1.0h(y,0, x, t)=ô(y—x).
tion regime,like in caseof (2), we shouldconsider The kernel is definedby the Feynman—Kacfor-
the Brownianmotionin a field of force, in theSmo- mula (in termsof the conditionalWienermeasure,
luchowski approximation[1—3,12]. which sets an obvious link with the Brownian

The Fokker—Planckequationgoverningthe time propagation)
developmentof the spatial probability distribution
in caseof phasespacenoisewithhighfriction, in the h(y, s, x, t) =h( V; y,s, x, t)

_________ I- x~Smoluchowskiform reads 1 J~, ~ exPL_-~
= lim

81p=DL~p—V(bp), ~ (4~tDi~t)
3”~

~—‘ / 1 ~ ~~-~-‘ —x~)~
b(x,t)=~F(x), p

0(x)=p(x,0), (14) _~(~-_-nV(Y+xJ~tJ) 4DAt )]‘
where/usthefriction constantandtheexternalforce At= (t—s)/n, t, =j&, j=0, 1, 2, ..., n,
we assumeto be conservative,

t0=s, t,,=t, X(tj)=x3, x0=y,

F(x)=—V’~P(x). (15) x~=x, s~t. (20)

It is well known [12,13] that the substitution It is trivial to check that h(y, s, x, t) propagates

p(x, t)=0~(x,t) exp[—~(x)/2Df3] , (16) 0~o(x)into a solutionof (17),

convertsthe Fokker—Planckequation (14) into the O~o(x)=po(x)exp[’P(x)/2Dfl] —~

generaliseddiffusion equationfor 0~(x, t) (ourno- 0~(x, 1) = $ h (y, 0, x, t ) 0~(y, 0) dy, (21)
tation is motivatedby that of refs. [6,10] andfor-
mulas(8)—( 12)), while apparently,

0(x, t) =exp[ — b(x)/2D/3]
~ 2mD810~=D~0 ~ (17) =Jh(x,t,y,T)OT(Y)dy=OT(x), (22)

where (the massm was hereintroducedper force,
butwith theveryconcretepurposeofembeddingour for all te [0, T]. IndeedO(x, t) (22) solves
discussionin the formalismof the “Euclideanquan-
turn mechanics”[7]) 8,0=—DAO+ (23)

V(x)= (F
2/2/i-4-DVF). (18) where8,0=0 and

((V~)2 Ab\ V
SinceF2, D, flare positive,a sufficientconditionfor DL�~0 ~ 4Dfl2 — 0 0, (24)
theauxiliarypotentialV(x) to beboundedfrom be-
low (its continuityis takenfor granted)is that the as it should be. Since the deterministicevolution
sourceterm g(x) in the familiar Poissonequation governedby theSmoluchowskiequationgivesriseto
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a definiteterminal (in theinterval [0, T]) outcome the potential V. However, their forward drifts h(x,
PT(X), given p0(x), a straightforward inspection /) would have a functional form completely di-
demonstratesthat the Schrodingersystem(7), (8) vorcedfrom the simple Smoluchowskiexpression.
is solved by 0~o(x)(21) and O~(x)(22) with the Wecanaswellstartform thegeneralCauchyprob-
kernel h( V; y, s, x, t). As a consequence,we have 1cm (26) with completely arbitrary V (except for
completelyspecified the unique Markov—Bernstein beingcontinuousand boundedfrom below). Then
diffusion interpolatingbetweenp0(x) and p7(x). thecorrespondingSmoluchowskiproblemcanbe re-
which is identicalwith the Smoluchowskidiffusion producedonly if thepotentialallowsoneto decouple
itself. We know here [7,101the transitionprobabil- from eq. (18) theforce field F The task canbe for-
ity density (e.g. the law of randomdisplacements midable,sinceevenin thesimplest,one-dimensional
modified by the presenceof external force fields) case,(18) becomesthe well known Riccatiequation

[14].

p(v. s, x, t)=h(v, s, x,1) , (25) Let us emphasisethat our analysisheavily relies
on the phase space (Langevin) formulation of

which is responsiblefor the mostlike/vparticleprop- Brownian motion as the problem of randomaced-
agationscenario.We havealso automaticallysatis- erationsin the presenceof friction [1—31. It lends
fled [7,101 the local conservationlaws supportto theconjecturethat the quantummechan-

ical looking evolution of statisticalparticleensem-
8,p= —V(pv) , 8,v+(vV)v= —V(J’—Q) bles (nonlinearNelsondiffusions, which according

to ref. [15] are governedby the Brown/an recoil

p(x,0)=p0(x), v(x.0)=i’~(x) . (26) principle) are derivable from the phasespaceran-
dom motionsas well.

wherep(x, t), v(x, 1) aredefinedby formula (12).
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