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Themeanaccelerationformulasintroducedby Nelsonin his investigationof linksbetweenquantumtheoryandMarkovian
diffusions arenecessarybut insufficient conditionsfor a uniquespecificationof the process.The resolution of Schrbdinger’s
probabilisticconjecturein termsof Markov—Bemsteinprocessesandtherelated (induced)dynamicalsemigroupsresolvesthis
problemandsetstheuniquenesscriteria. We discusstherole of analytictime continuationin this formalismanddemonstrate
that on theappropriatelevel of description,theimaginarytime transformationexecutesa mappingbetweentwo physicallydis-
tinct familiesof Markoviandiffusions,both proceedingin realtime.

In the long history of investigationsof possible dinger programme (Zambrini’s “Euclidean quan-
links betweenquantumtheoryand the theoryof the turn mechanics”is another).
Brownian motion, and more generallyof Markov Although not explicit in the original formulations
diffusion processes,a specialrole is playedby theso- of stochasticmechanics,the kineticstheorydescrip-
called Nelson stochasticmechanics [1,2], which tion of the statisticalensembledynamicsis hidden
aimedat establishingthe definite equivalenceprin- behindthe Nelsonmeanaccelerationformulas.
ciplesbetweensolutionsof the Schrodingerequation We deal in fact with the Cauchyproblemfor the
and Markov diffusions. Although mathematically coupled systemof nonlinearequations,which is
consistentit was criticisedon physicalgroundsand composedof the probability conservationlaw
especiallythe roleof themeanaccelerationformulas — (I
(we call them the Nelson—Newtonlaws) was at best

disputable. and one of the momentumbalanceequations(we
The original analysis[31dueto Schrodingerof the quite intentionallyuse the kinetic theory lore here)

possibleprobabilisticsignificanceof the heat equa-
tion in the quantumcontext (unfortunatelyunno- (ö,+vV)v= —V(V—Q) (Zambrini) (2)
ticed and forgottensincethen) hasinspiredthe ge-
neralisation[~,51,seealsorefs. [6,7] whereanother or
standpointis favoured,which placesthe issueof the

(ô~+vV)u=—V(Q— 1/) (Nelson) (3)Brownian implementationof quantumdynamicsin m

theframeworkof Markov—Bernsteinprocesses.Then, . .
- . . . where (diffusions in onespatialdimensionare con-

Nelsonsformalismis derivablefromfirst principles . . . -

sidered throughout the paper for simplicity of
as one of the alternativerealisationsof the Schro-

arguments)

Q=2mD
2(t~p”2)/p”2 (4)

Permanentandcurrentaddress:InstituteofTheoreticalPhys-
ics,UniversityofWroclaw,P1. M. Boma9, PL-50204Wroclaw, and Q

0= — Q is immediatelyrecognizedas the fa-
Poland. miliar de Broglie—Bohm “quantum potential”. Its
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statisticalorigin in thepresentcontextwasdiscussed which in view of (6) coincideswith (1). However
elsewhere[8—11]. (1) or (7) alone cannotbe utilized to reconstruct

In the aboveformulation the initial datap0(x), the randomdynamicsin full detail.Indeed,if weas-
v0(x) give riseto the purelydeterministicevolution sumethe forwarddrift b (x, t) in (7) to be a priori
of p(x, t) andv(x, t). D is the diffusion constant, given for all timesof interest (like In [t0, T]), then
while V is the continuouspotential of the conserv- the forwardtransitionprobability density for short
ativeforcefield boundedfrom below, timesin virtue of (7) takesthe form

If we introducethe meanlocal velocity field (for-
warddrift of the diffusion process) p (y, t, X, t + &)

b(x,t)=v(x,t)+D~ (v+u)(x,t), (5) ~(4~D&)~
2 ( [x_Y_b(Y~t)&]2)exp — 4DL~t

then the individual particledynamicswhich might 0< i~st~ 1, (8)
underlieeitherthe system(1), (2) or (1), (3) is
governedby the stochasticdifferentialequation and via the chain rule (with the Chapman—
dX(I) = b(X( t), I) dt+ ~J~iidW(t), Kolmogorov equationconsecutivelyutilized) gives

rise to the standardpath integralexpressionfor the

X( t
0)=x0, (6) transitiondensity,

whereW(t) standsfor theWienernoise,whileX( t) p(y, s,x, t)= lim Jdz~... jdz~(4iD&)”
2

is the randomvariableof the diffusion process,in-
terpretedas the idealisedpictureof position of the

~ 41Thtparticleaffectedby therandomenvironmentat time X ex — —~ ~ — Zk — b (Zk, tk) ~t] 2),
(usually belongingto a certain finite time interval k=O

[ta, T] whoseboundariesunderappropriaterestric- = (t— s)In, z
0=y, z~=x. (9)

tionson thedrift mightbeextended).Equation(6)
is in factthemajorassumptionin thestochasticfor- Hencesomethingspecificmustbeassumedaboutthe
malism devisedby Nelson,sinceit explicitly takes timedevelopementof b(x, t) tomakethe stochastic
the randomsamplepath conceptas the primordial picturecomplete.Thereis no way to generateb(x,
entity in the theory. Accordingly, the randomdis- t+ i~t)from theearlierdataby meansof the purely
placementsaregeneratedby theWienernoiseW(t), stochasticprocessing.Forthis purposewe mustknow
which superimposesprobabilisticfluctuationsupon 0b=ô~u+t3v. ô,u is providedby the Fokker—Planck
the deterministiccontributionb (x, I) dt. Thelatter equationfor thedensity,a1u= — D/~v—V( uv), hence
is a typical pathensembleinput, sinceit includesthe theonly freedomleft in theformalismto accountfor
meanvelocity evaluatedoverall samplepathsorig- therandommediumandparticleresponseto exter-
matingfrom x at time t, in the repeatableseriesof nal force fields pertainsto ô,v.
single particletrials: b(x, t) encodesthe meanten- By now it is well knownthat the only way to in-
dencyof motionof individualmembersof thegiven corporaterestrictionsdefiningthe dynamicsof b(x,
(via the initial statepreparationprocedure)ensem- t), is throughthe formulas(we takeherean appar-
ble, which remainsbasically unidentifiableunless ent lessonfrom the original derivationsof ref. [5]
sufficientlymanysampleflight dataareaccumulated. to presenttheNelson—Newtonlaws in theformmak-

Via thestochasticIto calculuseq.(6) impliesthe ing explicit the inducedsemigroupsintervention)
validity of the Kolmogorov (for thetransitionprob-
ability densityof theprocess)andtheFokker—Planck D

2~X D~X V Vm
equations.Sincewe havegiven theinitial probability
distribution p

0(x) its subsequentevolutionis con- ~ +D_D÷)x=-~-V(V—2Q) (10)
trolled by m

8~p=D~p—V(bp),p(x,t0)=p0(x), (7) or
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Markov—Bernstein process, which allows one to
D~. X= D~X= — (2Q—V) propagate (hence both predict the future and repro-

m duce the past given the present) the probability

distribution
(11)

m ~(x,t)_—~(x,t)~~(x,t) , (14)

whose equivalent versions are (2) (for (10)) and respectively forward and backward in time. Statis-
(3) (for (11)). tical predictions about the future can be accom-

We assumea givenpair of diffusion equationsin plished by meansof the forward transitionproba-
duality (i.e. mutually time adjoint) for real func- bility density
tions0 and 0~, -

~(X,S,y,t)_h(X,s,y,t)~~t~, (15)

ôø= —DL~+V~/2mD, (12) while the past can be reproducedstatistically by

where D is the diffusion constant,m the massof a meansof the backwarddensity
particlesubject to diffusion. The potential V is as- ~ (x s)
sumedto be continuousandboundedfrom below, ~ s, y, t)=h(x, s, y, I) t) (16)
which implies the existenceof the strictly positive *

semigroupkernel generatedby the operatorH= for the diffusion with fixed boundaryprobability
— 2mD2I~+ V. Below weshallidentify D= h/2m; the distributions fl(x, — ~T) and fl(x, ~T).
spacedimension is reducedto one for clarity of With j~and j~ in hand, we can straightforwardly
discussion. [8,9] evaluate the conditional expectation values,

Let h=h(x, s, y, t), s~<t,be the fundamentalso- which are necessaryto establishthe meanforward
lution of the diffusionequations(12). Thenthemi- andbackwardderivativesin timefor functionsof the
tially chosenfunction ~ — ~T), ~ 0, is propa- random variable ~.\(t)nl~. The backward,
gatedforward, (D_X)(t)=b~.(x,I), and forward, (D+X)(t)=

b(x, t), drifts of theMarkoviandiffusion (15), (16)
~ (x, t) = J ~ — ~T)h(z, — ~T, x, I) dz, readthus [4,5]

E(x,t)=2DV~/~,~

while the final choiceof ~(x, ~T), T?.~0, allows us so that the continuity equationfollows,
to reproducethe past data~(x, t), t ~ ~T, through ~= ~(b+ b~),
the backwardpropagation

— V(flti) =DAp-div(flb)
=—DAfl—div(~~). (17)

In virtue of the semigrouppropertyof the kernelh If we_define~=exp(.k+~) and ~*=exp(1~_Sr),
we havealso with R, greal functions,thenthereholds

&(x,t)=$&(z,s)h(z,s,x,t)dz, v=2DV~ a=~(/J—b~)=2DV1~ (18)
and(17) canbe rewritten as

~(x,s)= $h(X,5,Z,t)~(Z,t)dz, (l/2D)8,~=—~—(V~)(V~) —~

(13) a
1a=—Dt~u—V(ut’), (19)

hence a solution of (12) with the prescribed bound- the gradient form of (17) being due to Nelson [1,21.
ary dataat ±~T might be given. If (17) (respectively(19)) holds, then the nec-

By using ref. [4] we havehere determinedthe essary consequence of (12) is [4—7]
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V=2mD{81~-l-D(V~)
2+D[(VR)2+~R]}, (20) equationin form (17) holds, t9~P=—V(pv), andas

a consequenceof(25) wethenarrive at the identity
where (14) impliesthat (comparewith (20))

2mD2[(VR)2+i~k]=2mD2 ~I/2 = ~ (21) 2Q— V=2mD[3
1S+D(VS)

2]+Q, (26)
whereapparently

holds. Exceptfor the sign inversion ~ has the fa- (Q— V)/2mD=t9
1S+D(VS)

2 -~

miliar functional form of the Bohm—Vigier “quan-
tum potential”,seee.g. ref. [10]. (ö+vV)v=(l/m)V(VQ) , (27)

Wecanherearguein reverse(weadoptthestronger
versionof Nagasawa’sargument[6,7]): given (17) to becomparedwith (11). HereQq(x,t)= —Q(x, t)
and (20) then the system(12) follows, is identifiableas the previouslymentionedBohm—

By evaluatingthe forwardandbackwardtimede- Vigier “quantumpotential” [8,10].
rivativesof b(x,t) andb~(x,t) we canverify that Let us observethat the identity (26) implies
the gradientform of (20), 2Q=2V+4mD[8~S+D(VS)2},hence

8
1iY=2DL~u+1V11

2+~Vti2+(l/m)VV, (22) (2Q— V)/2mD V/2mD+2ô~S+2D(VS)2, (28)

implies the validity of the Nelson—Newtonlaw with which allows oneto replacethe system(25) by the
the (sign) invertedpotential equivalentonewherethe original potential V/2mD

of (1) acquiresa correction28
1S+2D(VS)

2.While
~m(D÷D÷ +D_D_)X(t)= VV, (23) (25)wasutilisedby Zambrini [4,5], thesystemwith
which wasprimarily rejectedby Nelsonasthe phys- the correctedpotential was utilised by Nagasawa
ically relevantcharacteristicsof the Markovian dif- [6,7], howeverwithout notifying that the equiva-
fusion (seee.g. ref. [1]). lence is establishedwhenthe diffusions with crea-

Notice that (23) canbe rewritten in the form tion and annihilation are replacedby Markov—
Bernsteindiffusions.

(ô,+i3V)t~=(—l/m)V(~—V) It is well known that the equationsof continuity

=(l/m)V(V—Q) , (24) and (26) uniquely (Madelungrepresentation)de-
termine solutionsof the SchrOdingerequation

reminiscentof the momentumbalanceequationin
the kinetic theoryofgasesandliquids, which should 2imDO ~ [(—mD2/2) Lt + V) ~v,
in principle apply to all conceivableosmoticdiffu- y/(x,t)= exp(R+iS)(x,t) , (29)
sions (we arejust dealingwith one [10,111).

Let us now introduceanotherpair of diffusion but now solutions of the system(25) determineR
equationsin duality, andS,

~ R=~ln(90~),S=~ln(0/0~). (30)

ô
10=—DL~0+(2Q—V)0/2mD, (25) For a discussionof the multiply connected(due to

nodal surfaces)configurationspaceseeref. [5].
where V is the same as before, while Q=2mD

2
x (/~p112)/p”2 andp (x, t) = 0(x, t) 0~(x,t) differ Thepreviousargumentholdsalsoin reverse,sincethe standardMadelungroute applies,andthen we
from the previouslyutilised objectsby the absence

know thatthecontinuityandHamilton—Jacobi(26)
of overbars,whichis to distinguishsolutionsof (12)

equationsimply [6,7] the coupledsystemof diffu-
from thoseof (25).

All previousargumentscannow berepeatedby re- sion equations(25).
One immediately verifies that [5] the gradient

placing the kernelh(x, s, y, t) of (12) by k(x, ~ ~“ formof (26) impliesthe Nelson—Newtonlaw in the
I) of (25). Thetransitionprobability densities(no

formoverbar!)p andp,~,respectively,allow one to arrive
at thenewdrifts b(x, t) andb~(x,t). Thecontinuity lm (D÷D_+DD~)X(t)= — VV, (31)
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adoptedby Nelson [1,2] to characterisediffusions which evidently reducesto (23) oncewe define
underlyingquantummechanicalphenomena. ~ =exp(.k—S)=p, 9= 1 —~

Stochastic acceleration formulas play the role
[10,11] of momentumbalanceequations (in the R=—~S~=ln(~”2). (37)
mean!)for stochasticflows, andby finite difference In this casethe Markov—Bernsteinprocessis irre-
arguments[9,12] they give an insight into random versible and characterisedby the backward drift
transportphenomena.However, the knowledgeof /j~= —2DV~~/~~.The processcoincideswith the
gradientvelocity fields u, u (a, t~,respectively)is in- very traditional (Einstein—Smoluchowski)Brown-
sufficientfor a uniquereconstructionof the under- ian motion of particlesoriginatingat time t=0 from
lying stochastictheory. A good exampleis provided thesourceat x=0. Let usmentionthat in a different
by Nelson’sown discussion(ref. [1], p. 100) of the notationandwith no specialphysicalmotivations,
harmonicoscillator groundstate,wherethe expres- this exampleappearsin sectionIII of ref. [4].
sionsfor the drifts read The correspondingquantummechanicalproblem

(D÷X)(t)=—yx, (D_X)(t)=yx, i8~y=—DA~i,

x=X(t), (32) ~(x,0)=(~a2)-”4exp(—x2/2a2), (38)

which allows one to evaluate refersto the V= 0 version of (31) with

lm(D÷D_+D_D+)X(t)= —myx, p(x, t)= 1w12(x, 1)

~m(D÷D~ +D_D_)X(t)=my2x, (33) ={ct/[it(a4+4D2t2) ]i~~2}

with the outcomethat both Nelson—Newtonlaws xexp[ — x2a2/ (a4+ 4D212)]

seeminglyapplyto the sameSchrOdingerwave func-
tion. This obstaclegenerally appearsin the discus- v(x, 1) = 4D2tx/(a4 + 4D2t2) . (39)
sion of quantummechanicalstationarystates. ThecorrespondingpotentialsR andScomefrom the

As well there is no obvious reasonto postulate explicit solution of the Schrodingerequation.With
[1,2] the validity of (23) against (31) in caseof [10] a given forward transitionprobability density
freely diffusing particles,when implying (39)

~m(D÷ D +D_ D~)X(t) 0 p(y, 0, x, t) = (4,tDty~ 1/2

=~m(D+D++D_D_)X(t) , (34) xexp(_ (x—y+2Dyt/a2)2\
(40)

4Dt )
unlessthe accelerationformulas are derivedfrom
(12) and (25) insteadof being postulated. andknowing R, S (hence9 and0~)onecan easily

To exemplify theabovediscussion,let us takead- reproducethe kernel k and then p,~.,seeformulas
vantageofthe V= 0 analysisof ref. [10]. Thesolution (15), (16), withoutoverbarsandk insteadofh. This

~(x, t) = (4itDt) — 1/2 exp(—x2/4Dt) (35) diffusion is a reversibleprocess.
Let us considerthe harmonicoscillator potential

of the heatequation8,~J=DAfYsatisfies V(x) = ~my2x2.Thegroundstateprocessof Nelson’s

— DV///=x/2t, Q=m (x2/8t2— D/2t), stochasticmechanicswasidentifiedin refs. [13—15]
as the Markov processof the Euclidean(i.e. ima-

1 D Vfl X ginary time) imageof the harmonicoscillator, but
— m = 2t

1J = — 412 an analysisin terms of (25) has never been per-

formed. Thereis a real subtlety involved since so-
8~=—V(fl~), (8~+iJV)i~=— ~!~VO. (36) lutions of the diffusion equations(12) and (25)

m quite sensitivelydepend[16—181on the energyre-

We haveherethe V= 0 versionof (1) and (2), 50 normalisation:the operationV±E, E being a con-
we areautomaticallyledto thediffusion system(12), stant,looksquite innocentfrom the pointof view of
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Nelson—Newtonlaws since V(V±E)=VV.It has
2imDô1yi=—~mD

2Lt~+(V+E
0)y,, (45)

howeverquite dramaticconsequencesfor the solu-
tions of (12) and (25). This point was overlooked asthen only (45) wouldyield (44).
in refs. [14,15,4,5] wherethegradientformulaswere It howeveramountsto consideringsystem(12)
supposed to be sufficient to definethestochasticthe- with V—pV+E0asthealternativeto realisation(44)
ory completely,while they are the necessary condi- of the Schröclinger—Bernstein—Markovdiffusion
tions for its derivation, problem.The consequenceis dramatic,since

For quantum mechanical stationary states we have
(via (28)) 8,h=D~~h—(1/2mD)(V+Eo)h (46)

2Q—V= V—2E, implies [18] the forward transition probability
density

~(x,t)=~0(x)exp(—iEt/2mD). (41)
~(y,s,x,t)=(y/2itD{l— exp[_2y(t_s)]})i~’

2
Thenfor the oncechosenpotential V system(25)

/ y{xexp[—y(t—s)]—y2}\
differs from system (12) merely by the additive re- xexP(~—2D{l — exp[ —2y(t—s)]})
normalisation of the potential V—~V—2E. What are
the consequencesof sucha changeof the reference xexp[ — y(t — s)] , (47)
level for the potential on the stochasticprocesses
involved? which solves 9jJ=D~ft—yV~(x~)anddoesnotal-

It is well known (ref. [1], section I; ref. [17], low for stationarysolutionsat all.
theorem 1.5.10;ref. [18], ch. 5) that the Markov Let us notice thatwecanpassfrom (42) to (47)
processof Nelson’sstochasticmechanics,which is by meansof they—’ — y transformation,which to ex-
associatedwith theharmonicoscillatorgroundstate ploit the phase space derivation [19,101 of the

Smoluchowskiequation,
~o(x)= (y/27tD)”2exp(—yx2/4D)

ô
1p=(w

2/fl)V~(x~)+Di~ijY,
has [13,14,1] the forward transition probability

y=w2//3, fl>>2w, t>>fl1, (48)
density

for aharmonicallyboundparticlein a thermalbath,p(y,s,x,t)=(y/2,tD{l_exp[_2y(t_s)]})u12
amountsto passingfromthestandardattractivehar-

/ y{x—y exp [ —y(t—s) ] }2 \ monicpotentialto theinverted[20] (repulsive)one,
xexP(~ 2D{l —exp[ — 2y(t_s)]})’ w—~iw~— w2x2—~—w2x2, with obvious physical

implications.
s s~t~ (42) The above analysisjustifies the correctnessof

which solves the forward Fokker—Planckequation Nelson’sguessthat the meanaccelerationformula
[18,9] (20) is a necessaryconditionfor the derivationof

the diffusion processunderlyingSchrOdingerwave
t9

1p=DL~~p—V~(bp)=DL~~p+yV~(xp), (43) mechanics,albeit it is nota sufficientcondition:one

whereb(x, t) = — yx. It is howeverequallywell known mustinvoke (12) and (25) to resolveambiguities.
that the semigroupkernel k from which (via for- Onthebasisofthepreviousdiscussion(seealsorefs.
mulas (13)—(16)) the densitycanbe derivedis a [10,14,15]) we declinethe intuition of imaginary
solution of the diffusion equation time diffusions.Both consideredMarkov—Bernstein

processesare undoubtedlythe real time diffusions:
o ~k=DL~~k—(1 /2mD) ( V—E0)k, the physically relevantdistinction lies in the inver-

= mDy. (44) sion of the meanaccelerationsfor the stochastic
flows. The imaginary time transformation (like the

Hence, on the basisof the previouslyoutlinedder- imaginaryfrequencytransformationconnectingtwo
ivations,we havethe following consistentchoiceof oscillatorproblems)on the appropriate level of de-
the Schrödingerequation, scriptionplays therole of thetechnicaldevicemap-
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ping one diffusion into another, compare e.g. espe- [7] M. Nagasawa,The equivalenceof diffusionandSchrodinger

cially our V=0 discussionboth in the presentnote equations: a solution to Schrodinger conjecture,

and in ref. [101. unpublished.[8] P. Garbaczewski,Phys.Lett.A 143 (1990) 85.
At the moment we leave aside the fundamental [9] P. Garbaczewski,Phys.Lett.A 147 (1990) 168.

problemofthe nature(origin andproperties)of the [10] P. Garbaczewski,Phys.Lett. A 162 (1992) 129, see also

randomenvironment,whosematerialpresenceisin- [21-23].

dispensableon physicalgrounds[24], togetherwith [111P. Garbaczewski,Nelson’s stochasticmechanicsas theproblem of random flights and rotations, in: Nonlinear
the possible phase-space implementation [10,21,25] fields: classical,random,semiclassical,eds.P. Garbaczewski

of the configuration space diffusions. Some hints in andZ. Popowicz(World Scientific,Singapore,1991).

the essentially probabilisticdirectioncan be found [12] J.P.Vigier, Astron.Nachr. 303 (1982)55, seealso [24].
in refs. [26—28],these linked to the kinetic theory [13] F. Guerra,Phys.Rep. 77 (1981) 263.

concepts (hydrodynamicallimit of the Boltzmann [14] F. GuerraandP.Ruggiero,Phys.Rev.Lett. 31(1973) 1022.
[15] S. AlbeverioandR. Høegh-Krohn,J.Math.Phys. 15 (1974)equation)in refs. [29,30]. Thepurely deterministic 1745.

approach to the Brownian motion might be prom- [16] I.M. GelfandandA.M. Yaglom,Usp.Mat.Nauk11(1956)
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