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Brownianmotion andits descendantsaccordingto Schrodinger
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Werevisit Schrodinger’soriginal suggestionof theexistenceof aspecial classof randomprocesses,which havetheirorigin in
theEinstein.-Smoluchowskitheory of Brownianmotion.Our principalgoal is to clarify thephysicalnatureof links connecting
therealisticBrownianmotionwith theabstractmathematicalformalismof NelsonandBernsteindiffusions.

The original analysis[1] dueto Schrodingerof the sideringa probabilityafteroneknows whathashap-
probabilisticsignificanceof theheatequationandof penedor rathera probability of whatis to happen.
its time adjoint in parallel remainedunnoticedby The quantum mechanical density p(x, t) =

the physicscommunityandsincethenhasbeenfor- (~)(x, t) follows from introducingtwo symmet-
gotten. It reappearedhoweverin the mathematical rical systemsof w-wavespropagatingin the opposite
literature [2—51as an inspirationto generalizethe directionsof time. Therefore (Eddington,cited in
conceptof Markoviandiffusionstothecaseof Bern- ref. [1]): “oneof thesemustpresumablycorrespond
stein stochastic processes.But, without conse- to probableinference from what is known (or is
quencesfora deeperunderstandingofpossiblephys- stated)to havebeenthe conditionat a latertime”.
ical phenomena, which might underlie the To conformwith the classicalnotion of probabil-
correspondingabstractformalism. ity (an eventi.e. samplespaceis neededto define

Schrodinger’sobjectivewasto initiate investiga- theprobabilityspaceoftheaxiomaticdefinition) the
tionsof possiblelinks betweenquantumtheoryand mostnaturalwayis tolook at aclassicalprobabilistic
the theoryof Brownian motion, an attemptwhich system,which structurally is as closeas possibleto
culminatedlater in the so-calledNelson’sstochastic the wave (Schrodinger)equationof quantumme-
mechanics[6,7] andits encompassingformalismof chanics.In caseof free (V=0) propagation,theheat
refs. [8—101in which the issueof the Brownianim- equationwith its timeadjoint well fits the purpose:
plementationof quantumdynamicsis placedin the
frameworkof Markov—Bernsteindiffusions (seerefs. iô, ~t’= — D ~ 8~O~= D i~

[l113]). ia~~ii=D~yJ a~O=—DL~O, (1)
Schrödinger’sdiscussion [1] of the analogybe-

tweenwave mechanicsandrandomphenomenaof wherethe familiar imaginarytimetransformationis
classicalstatisticalphysics,startswith recallingan indicatedastherecipeto passfromquantumtheory
obscuritypresentin thenotionof probability (Born’s to statisticalphysics.
postulate)adoptedin quantumtheory. Forthe pur- Herew~~i?are complexwhile O~,0 are real func-
posesof theprobabilisticinterpretationit seemsthat tionsandthe diffusion constantD is left unspecified
oneshoulddecide in advancewhetherone is con- (D = h/2mgives riseto the Schrodingerequationin

its standardform).

On leaveof absencefrom: Institute of TheoreticalPhysics, Let usnow consider,basicallyfollowingSchrödin-

Universityof Wroclaw,PL-50-205Wroclaw,Poland. ger [1] andJamison[5], the transitionprobability
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density(heatkernel) h(x, s, y, t) for the Brownian Theansweris givenby derivingfrom theoriginal
motion {Y~,t

1~<t~<t2}on aninterval [t1, t2], i.e. (prior) process {Y1, t1<t<t2} a new one {X~,

(y—x)
2\ t

1<t0~<t~<T<t2},which is presentlyknown as the
h(x,s,y,t)=[47tD(t_s)]h/2exp(_ 4D(t_s))’ Markov—Bernsteinprocess[8—10].Tworemarkscan

(2) bemadeimmediately.
Remark1. Theabovediscussioncanbe rephrased

whereY1takesvaluesinP’ (Brownianmotionin one in morephenomenologicalterms.Supposethat the
spatial dimension). observeris measuringacoordinatex of theevent(a

If weprescribetheinitial particledistributionp’ (x) particle enteringthe observationareaA, the mea-
for therandomvariableY~1thenall intermediatedis- surementaccuracydoesnotmatter)at time t0 viewed
tributionsof { Y~,t1 ~ t~t~}are determinedin terms as the initial time in a repeatableseriesof one-par-
ofp’ (x) andh(x, s, y,1) includingthe terminalone tide experiments.Accumulatingthe dataonearrives
as well. We haveindeed at theempiricaldistribution,which asymptoticallyis

found to approximatea probability distribution
p(x, t) = Jh(z, t1, x, t)p1(z)dz, t>~t1. (3) p0(x). It is then takento characterizethe “stateof

the system”at time t~.
Startingfrom theclassicalBrownian law of random Assumealsothat the observeris collectingthe co-
displacements(2) we can ask the following ques-

ordinatedataof theserepeatableevents (entering
tion: Assumingthata testparticle originatesfrom x1

particles) in the detectionareaB at a later time T.
at t1 andterminatesits routein (about)x2 at t2, what Let them approximatetheterminalprobability dis-
is theprobability tofind it in-betweenx andx+ &

tributionPT(X).If p~(x)is far from whatit should
at the intermediatetime t, t1 <t < t2? be accordingto thelaw of largenumbers(i.e. when

The pertinent intermediateprobability distribu-
Pr(X) is muchdifferentfrom 5dyh(x, t0, y, T)p0(y),

tion is given [I] by the conditionaltransitionprob- with h given by (2)), then we arrive at the core of
ability densityformula (identified as the Bernstein

theoriginal Schrodingerdiscussion:Whatare the in-
transitiondensityin refs. [5,8—10] termediateprobability distributionsp (x, t) andwhat

p(x, t)=P(x1, t1 x, t; x2,t2) is theparticular transitionmechanismresponsiblefor
theprobabilistic evolutionfromPo(x) toPT(X) if no

— h(x1, t1,x, t)h(x, t,x2, t2)
(4) externalforcesareaffectingtheparticleexceptfor the

— h(x1,t1,x2, t2) Browniannoise?

It is thenobviousthat this formula for p(x, t) can Remark2. Thestochasticprocessconnectingp0(x)
alwaysberewrittenasa productofthesolutions0(x, withPT(X) is Markovian,if andonly ifPo=0o0~oand
t) and05(x, t) of the heatequationandits time ad- Pr=

0T0*T holds, where the functions 0,(x),
jointp(x, t)=(00

5) (x, t) providedt1<t<t2. 015(x)(i=0, T) comeout as the boundarydata for
Let us now definep(x, t0)=p0(x) andp(x, T) = solutionsofthe (dual)heatequations(1). Then,the

pT(x) to be the initial andfinal probability distri- transition probability densitiesfor the Markovian
butionsdeterminedby the Bernsteintransitionden- (interpolating)diffusionsaredefinedasfollows [8—
sity (4) with t1 <t0 < T< t2. Althoughwe know the 10],
generalBrowniantransitionmechanism(the law of 0~jt)
randomdisplacements)as givenby (2), the condi- p(x,s,y,t)—h(x,s,y,t) O(x,s)
tioningpresentin (4) allowsoneto formulatea new
probabilisticproblem.In fact weare now revisiting 0~(x, s)

p5(x,s,y,t)=h(x,s,y,t)0~(y,t)
Schrodinger’soriginal question[1,5,13], i.e.: What
is the mostlikely wayfor theparticles to evolveas

t0~<s<t~T. (5)
goesfrom t0 to Toncewe haveprescribedin advance
both theinitialp0(x) andterminalpr(x) probability h is givenby (2), p is the forwardandp~,theback-
densitiesfor the process(given theprior transition wardtransitiondensityof the interpolatingdiffusion
mechanism(2))? process.
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Let us stressthat if the role of p(x, s, y, t) is to 0</3<a andchoosex1= 0 as a sourceof particles.
allow for statisticalpredictionsaboutthefuture,given If we confineattentionto theseBrownianparticles
the presentp(y, t) = 5p (x, s, y, t)p (x, s) dx, then only, which aftera time 2a from their emissionare
p5(x, s, y, t) allows one to reproducethe paststa- boundto be backat (or at leastnot far away from)
tistical dataof the process,given the presentp(x, the initial locationx1= 0 = x2, then (4) reducesto
s)=fp5(x, s, y, t)p(y, t) dy, s<t. If, in caseof re- 1/2

ax
2 \peatableprocessingwith single (sample)Brownian p(x, t) =(

2D(a2 2)) exp(_ 2D(a2_t2))

particles,p(x, s,y, t) representsa microscopictrans-
portmechanismfor thediffusion process,thenquite = (8~Da)”

2h(0,—a,x, t)h(x, t, 0, a) , (7)
on the contrary,thebackward“transport” executed
by meansof p

5 (x, s, y, t) is merelya mathematical wherethe transitiondensities
deviceallowing one to reveal the statisticalhistory h (0, — a,x, t)
precedingthepresentdata.Sucha processshouldnot
beconfusedwith anyrealisticparticletransportgoing = [47tD( t+ a) ] _1/2 exp — ),( x2
oppositeto the time arrow. 4D ( t+ a)

Letusproceedwith thefurtheranalysisasfollows.
h(x, t, 0, a)The Bernsteintransition density (4) plays a fun-

damentalrole in the stochasticprocessconstruction ( x
2 ) (8)

=[47tD(a—t)]~2exp —

ofrefs. [2—5,8—10].Oncethe momentst
1<t0< T<t2 4D(a—t)

arefixed andthe primary transitionmechanism(h
of (2)) is known, then the particularform of the solvethe systemof heatequationsin duality (1) in
boundaryprobability distributionsPo(x), pT(x) is thetimeinterval [— a,a]n t. TheBernstein“bridge”
uniquely determinedby the choice of the boundary which inducesthe boundarydata (6) is thusestab-
pointsx1 andx2: theyare theendpointsof theBern- lishedandtheforthcominganalysisof theprocessin
stein“bridge” tobetravelledin thetimeinterval [t1, termsof (5) becomespossible.
t2]. All intermediatedensitiesp(x, t), t0< t< T, are Case2. Let us setx1 =0, t1=0 in (4). Then
thenuniquely determinedas well. 1/2

It thusappearsthat Schrödinger’sproblemof de- p(x, t) = 4itD(t2— t)t)
ducinga probabilisticevolutionfromPo(x) topr(X)

requirestheidentificationofanappropriate“bridge”, x exp( x
2 (x

2—x)
2 x~\

i.e. x
1, t1 andx2, t2, as a substantialingredient. — 4Dt — 4D(t2 —t) + 4Dt)’

This canbeappliedto specificsituationsinduced
by the conventionalBrownian motion. 0<t< t2~ (9)

Case1. Following ref. [8] we canaskfor a prob- refers to the Bernstein“bridge” which comprises
abilistic interpolation between the coinciding particlesoriginatingfrom the sourcex1 = 0 at t1= 0
boundarydistributions: andwhosedestinyisto reacha terminalpointx2 after

p(x, t0)=p(x, T) the flight time t2.
Assumet to run overthe interval [0, T], T<<zt2,

1/2
ax

2 ) andx
2 to be a distantspatial location (onecanset

=(2~D(2p2)) ex~(_2D(a
2_fl2) x

2= Vt2, with V~nottoosmall).It is apparentthat

(6) for sucha terminal regime the Bernstein“bridge”
effectivelydegeneratesinto theusualBrowniantran-

in the time interval [t0, T]. sition density
As emphasizedin ref. [8], no physicistwould ex-

pect suchan evolutionwhile having the traditional p(x, t) h(0, 0, x, t)
picture of the Brownian motion in memory.How-

x2large, t2>>T, te[0, T] . (10)
ever (6) immediately follows from (2), (4). In-
deed, let us set t0= — /3= — T and t1= — a = — t2, Theinfinitex2, t2 limit is undercontrolhereaswell.
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This tells us that if particlesemanatingfrom x1= 0 characterizinga Markoviandiffusion,thenthe drifts
at t1 = 0 are boundto reacha distantpoint x2 after (localmeanvelocities)of thestochasticflow ‘~anbe
a sufficiently long flight time t2, then their proba- evaluatedas follows [7,14]. We canwrite
bility distributionp(x, t) on a short (relative to t2)

time scaleis given by the heatkernel (10). b(x, t)~t~$ dyp(x,t, y, t+ ~t)y—x,
We havethuscreateda situationwherethe Bern-

stein “bridge” effectively accountsfor Brownian b5(x, t )E.tt x— J dzp5(z, t — ~t, x, t ) z, (13)
particlesoutgoingfromx1 =0 at t1 =0 (while on their
routetowardsa distantterminusx2 to be reachedat whereL~tis a smalltimeincrement,b is the forward
the remotetime t2). (meanvelocity of particlesoutgoing from x at t)

Case3. Quite analogouslyonearrives at the de- while b5 is thebackward(meanvelocity of particles
scriptionof particlesincomingto a terminalpointx2, incomingto x at t) drift of the diffusion, t0 ~t~T.
whenthe Brownian sourcex1 is distantenoughand Thedrifts (13) stand[7] for the substitutesof time
theflight timeappropriatelylarge.Indeed,the choice derivatives,non-existent[6,7] in thenaivesensefor
x2=0, t2=0 implying t1<t<0, yields Wienerpaths.Here (D+X)(t)=b(x, t) is the left
(t— = it1 — it, — = it I) time derivative in the conditional mean, while

1/2 (D_X) (t) =b5(x, t) is the right one.

p(x t)—( i~iI ) In case 1 both formulas (13) canbe immediately
— 4itDiti(1t1 i—iti) evaluatedbymeansof(5).Uptotheirrelevantmul-

tiplicative constantswe canset (0~refersto the for-

xexp(—
x
2 (x—x

1)
2 44DitI — 4D(1t

1 I — iti) + 4DIt1 ward, 0 to the backwardevolution (1))

(11) 05(x,t)—h(0, —a,x, t)

If 1x11 is sufficiently large andt~<<t<0 we imme- 0(x, t)—~h(x, 1,0, a), —fl~t~/3<a, (14)
diately arrive at the approximateformula (with a andconsequently(see,e.g., ref. [8]) thereholds
controllableinfinite x1, t1 limit)

/ x
2 \ b(x,t)= 2DVO x x(a+t)____ 0 a—t a2—t2

P(x~t)~(47tDitiY”2exP(\—4Diti)

b
5(x t) 2DVOS x x(a—t)= =—u+v.

=h(x,t,0,0). (12) ‘ — 0~ a+t a
2—t2

(15)
Compare,e.g., (8) andaccountfor T<t<0, t

1 << T.
Formula (12) refers to the particlesincoming to We have here a natural decompositioninto two
x2 = 0, which originate from a distant Brownian terms,one of which (i.e. v) is odd, while the other
source,at the remoteemissionmoment t1. (i.e. u) is evenwith respectto time reversal.More-

Remark3. In case2 the boundarydistributions over (compare,e.g.,the exponentsin formulas(6),

Po(x), PT(X) would revealthe spreadingphenome- (8)) the following relationshold,
non,quite consistentwith the standardintuitions.

u=2DVR, v=2DVS,
However, the exactly opposite (shrinking, implo-
sion) effect arisesin case3, which is by no means X

2
surprisingoncethe problemis analyzedin termsof 4D(a+ t) 4D(a — t)
Bernstein“bridges”. While looking like a time re-

ax2 tx2
versalof the (irreversibleaccordingto the folklore R=— 4D(a2—t2)‘ S= 4D(a2—t2)
understanding)Brownian evolution, it is simply a
degeneratecaseof theBernstein“bridge” with a dis- 0~ exp(R—S) , 0—~exp(R+ S)
tant sourceof particles,which areboundto reacha
fixed terminal point.

If we havegiven transition probability densities
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ref. [16] wherethe phase-spacediscussionof the is-
p(x,t)=(O05)(x,t)—~exp(2R) sue is given.

DVp In case3 the rolesof the drifts are reversed,and
=2DVR. (16) weget (0—~h(x,t, 0, 0)=p(x, t), t<0)

p

In the abovev is calledthe currentvelocity, while u b(x, t) = 2DVO = = — x
is calledthe osmoticone.Theosmoticvelocity is in- 0 t ti’
variantundertime reversalandis intimatelyrelated b5(x, t) = 0, (21)
to the concept[6,15,16] of osmotic transport:u =

DVp/p. Indeed,a macroscopicintuition of the os- so that
moticdiffusion [15] tellsusthat if onehassetapar-

x
tide concentration(areaof higher density) some- 1(b+b5)(x,t) = — -~-—— — , (22)
where,thentheBrowniannoiseinducesanexpansion It I P
of particlesanda continual loweringof the concen-

which is an exactreversalof the standardformula
trationasa consequence.In fact, if theconcentration

(20).is givenbyp(x, t), thenthe purelyosmotic(Brown- Let us recall thatwe referto degenerateBernstein
ian) escaperateof particlesfrom the areaof higher

“bridges”here,so that (20) is an averageoverpar-density is defined [15] by the amount crossinga tides emitted by a Brownian source at t= 0 and
givenpoint pertime itt: boundto reacha distantterminus,while (22) is an

—DVp(x,t)At= —u(x, t)p(x, t)&, (17) averageoverparticlescomingfrom a distantBrown-
ian sourceto a terminusx= 0 to be reachedat the

which impliesthatp is a solution of the heatequa- time t= 0.
tion 8~=D~.Notice that the actualflow of escap- If we take ~(b+ b5) (x, t) =v(x, t) asthe general
ing particlesis oppositeto u, henceproportionalto currentvelocity definition, which appliesto the de-
— U. generatecases2 and3 aswell (in ref. [16] wehave

This situation is drastically different from the one derivedthe meanvelocity <u>~=v(x, t) = —DVp/p
for flows consistent with the conditioning underlying = — u (x, t) by phase-spacearguments),weobserve
case 1. Formula(15) tells us [14] that b5(x, t) ~5 [14,8] that this implies
the meanvelocity evaluatedover all samplepaths
which reachthe pointx at time t, while b(x, t) is the 01p=— V(pv), ô,v+vVv= — VQ,
meanvelocity evaluatedoverall samplepathswhich = 2D

2~p’/2 (23)
emanatefrom x at time t. Theaverageflow through Q 1/2 ‘

x at time t is thus
wheneverp(x, t) hastheform (4), degeneratecases

1(b+b
5)(x,t)=v(x,t) . (18)

included.Themomentumbalanceequation(second
Letuscomparethis outcomewith thedegeneratecase equationin (23)) is an equivalentexpressionfor
2. Then 0~(x, t) ‘~ h (0, 0, x, t) =p(x, t) and there Nelson’s stochastic acceleration formula
holds[8] ~m(D~D÷+DD)X(t)=0 (see,e.g.,refs. [8—10]

andrefs. [6,7] for a furtherdiscussion).
2DVOS — x

b(x, t)=0, b5(x, t)= (19) An extensionof the aboveanalysisto morecorn-
— 0~ — t plex statisticalproblems(Bernstein“bridge” imple-

mentedinterferenceof Brownian flows) andto the
sothat

possible Brownian origin [16] of the stochastic
x DVp (Nelson’s)reformulationofquantummechanicswill

~(b+b5) (x, t) = ~b5(x,0 = = — —~—~ (20) be a subjectof a subsequentpaper.

which is the well-known meanparticleflow char-
acterizingthe standardBrownian motion. See,e.g.,
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Appendix 0(x, t)=exp(R+S)

Let us observethat for a Bernstein“bridge” (4) = (2T)”4 exp(~_T)h(x,t, X, T),
with arbitraryfinite spacetimeendpointsx

1, t1 and
x2, t2 the choiceof thenew spatialcoordinateorigin R — (X+x)

2(T—t)+(X—x)2(T+t)
at ~(x

1+x2) andthe shift of thetime scaleorigin to (x, t) — — 8D(T
2—t2)

the point ~(t
1 + t2) allowsone to replace(4) by the 2

fully symmetricexpression(whenwritten in relative + +~ ln 2 T
4DT ~ 4D’T

2 2

coordinates) ~
X

1 x2=X, t1 —t2—T, (A.l) S(x t)= (X+x)
2(T—t)—(X—x)2(T+t)

8D(T2—t2)
where

(T+ t\
p(x,t)=P(—X,—T;x,t;X,T) +~ln_-~)~ (A.6)

= [4itD ( T2 — t2) ] —1/2(2T)~2exp(—~-—’~ wherethe x-dependentcontributionshavea canon-\2DTJ ical form allowing one to demonstratethat

XexP(_ (X+x)2(T_t)+(X_x)2(T+t)) b
5(x, t)= — 2DV05 = —2DV(R—S)

(A.2) =(v—u)(x,t),

and b(x,t)=
2DVO2DV(R+S)

h(—X, —T,x,t)=[47tD(t+T)]”2

I (x—X)2(T—t)\ =(v+u)(x,t) (A.7)
X exp~— 4D( T2 — t2) )‘ consistentwith Nelson’sdefinition of the drifts in

termsofthegradient(currentandosmotic)velocity
h(x, t, X, T) = [47tD(T—t) ] —1/2 fields u(x, t), v(x, t).

/ (X—x)2(T+t)\ Noticethat the time reversalof (A.6) is accom-
xexp~ 4D(T2—t2) )~ (A.3) plishedbythe simultaneous(t—~—t,X.-~.—X)map-

ping: the timelabelinversionis accompaniedby the
which in caseof X= 0 reducesto thepreviouslycon- interchangeof the spatialendpoints,the time scale
sideredexample(6)—(8). By defining endpointsare kept fixed.

p(x,t)= (exp2R)(x,t)
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