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We extendto specialrelativity thenonrelativisticargumentsby which thephasespaceBrownian motionof anensembleof
massiveparticlesin thediffusion regime (theproblemof randomflights) is governedby theSchrodingerequation.Thecone-
spondingrelativisticdynamicsis governedby theKlein—Gordonequation.

A satisfactoryrelativistic generalisationof Nelson’sstochasticmechanics[1,2] (see alsorefs. [3—7])still
remainsanopenquestiondespitethenumerousattempts[8,9] to solveit. Apparentlyby imposingthe Markov
propertyon diffusions in Minkowski space,one is led eitherto the violation of causality,or to purely deter-
ministic motion [10—131.On the otherhandit is well known [12,13] that the phasespaceof a particle is a
naturalarenafor the constructionof a relativistic stochasticprocess.We havegivenbefore [1] a phase-space
stochasticderivationof Nelson’stheory in the caseof free motion (seealso ref. [3] for a moregeneraldis-
cussion),henceit israthertemptingto examinetherelativisticextensionof thegivenargumentsandeventually
to analysepossiblelinkswith the relativistic invariantfield equationslike e.g. theKlein—Gordonor (onceran-
domrotationsare incorporatedinto the formalism) the Dirac ones.

In contrastto Minkowski spaceconsiderations[8,9,14—17],thepassageto relativistic theory is freeof con-
ceptualdifficulties on thephase-spacelevel (amoreextendeddiscussionof this issuecanbefound in ref. [18]).

We are additionally motivatedby our previousattempt [4,7] of placinga stochasticdescriptionof spin-~
in the relativisticsetting,which in fact enforcesthe phase-spaceapproachto stochasticmechanics(andeven-
tually toquantumtheory).However,a consistentphase-spacederivation(not a formulation!thatwould place
the problemin theWigner function approach)of Nelson’sstochasticmechanicsis not availablein the liter-
ature.Although somepartialargumentsin thisdirectioncanbe foundin ref. [19] (seealsoref. [181 for more
references).

Ourhunch is that oncethe physicalreality of particletrajectories[1,4,20] is acceptedasthe essentialthe-
oreticalinput in thequantumcontext,thenthereis no escapefromthe deepenedphase-spacediscussion.Quite
in analogywith the analysisof the Einstein—Smoluchowskiversusthe Ornstein—Uhlenbeck—Kramersdescrip-
tion of the Brownianmotion,we look for realisticphysicalphenomena(like e.g. energy—momentumtransfers
withstrictlyobservedconservationlaws)which areresponsiblefor theparticledestinyin forexamplethe single
particleinterferenceexperiments[201.

Before proceedingto a further phase-spacediscussion,let us mentionthe apparentproblemarising in this
approach(raisedby a refereeof the presentpaper):regularquantummechanicssuggeststhat, as longasthe
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dynamicsis representedby canonicaltransformationswhichare linear in position andmomentum(i.e. qua-
draticHamiltonians,Gaussiancase),thephase-spaceapproachis very convenientsincethe quantizationpro-
cedureusesnothingbut the classicalinformation availableon the system.Thebasicdifficulty with the phase-
spaceapproachto stochasticmechanicsis that evenin the simplerGaussiancases,it is not possibleto exhibit
a diffusion of Fenyes—Nelsonwithout solving first the associatedSchrodingerequation.No algorithmusing
exclusivelytheclassicalinformation on the systemis known.This“strange”featureis due to thefactthat the
classicalpotential V(x) is not, as suggestedby stochasticmechanics,sufficientto characterisethis diffusion.
HiddenbehindNelson’sformalism is the Bohm—Vigier quantumpotentialessentialfor thispurpose.This is
knownfor severalyears.It is howeverpossibleto presentNelson’sapproachwithoutevenmentioningtherole
of thisquantumpotential.Thiswasthe wayfollowedby Nelsonhimselfsince1966in goodfaith. But thisway
drovehim into inextricabledifficulties regardingthe lack of “locality” of stochasticmechanics,a hardly sur-
prisingfeaturefor anyonefamiliar with the effectsof the quantumpotential.

In fact, motivatedby refs. [1,3] weadvocatea “physicalrehabilitation”ofthe roleof thequantumpotential
in Nelson’stheory. In particular,wewish to understandthe two kindsof well-defineddiffusions knowntoday
as being associatedwith quantummechanics,namelythe Fenyes—Nelson(in real time) and Schrödinger—
Bernsteinones,constructedin 1985 and 1986 [21] in the “Euclidian quantummechanics”as two different
manifestationsofphysicalphenomenatakingplacein the real time only, with the notion of complementary
(mutuallycompensatingto satisfy theaction—reactionprincipleby particleinteractingwith the diffusive me-
dium) diffusionsinvolved [3].

To illustratetheconceptofcomplementaritylet usexploitthefollowingexampleduetoVigier: foran analogy
onecanconsidera droplet of ink whoseconstitutiveelementsundergoBrownianmotion in a diffuse medium
(saya bucketof milk). Theelementsof the mediumalsoundergostochasticmotions.Both fluids interactand
undergoseparatelybothdrift andosmoticmotionsin general(theseconceptsareexplicitly borrowedfrom the
theoryof osmoticdiffusion whoseexampleis providedby Nelson’sstochasticmechanics).In equilibrium the
milk is tainted.In termsof two typesof diffusion (seerefs. [1,31), the inkelementsundergodiffusionanalysed
in quantumterms,while the diffusion of milk elementsis governedby moststandarddiffusion processesre-
spectingtheosmoticlawof diffusion andit mightbeirreversiblelike in the caseof thecanonicalfreeBrownian
motion [1].

Thereis no phase-spacetheoryof osmoticdiffusion in the literature,aswell asthereis no phase-spaceder-
ivation of Markov—Bernsteindiffusion which seemto be the mostgeneralosmoticdiffusionsassociatedwith
Schrodingerwavemechanics.Therefore,ourdiscussionmustremainat the momentpartly heuristic,with the
goal to identify possiblelinesof attackfor the completionof the phase-spaceprogramme.

Let us recall that for a particle with massm following the relativistic phase-spaceBrownianmotion in the
courseof which all energy—momentumfluctuationsare of purely elastic origin (the problemof randomac-
celerationsin specialrelativity), theparticle four-momentumremainson the hyperboloidp~—p2= m2c2 for
massm.This meansthat thepertinentrandommotion is a diffusion processon the pseudo-Riemannianman-
ifold [13,22,23] selectedby demandingPo to bepositive. In factit is the well-knownLobachevskyspacewith
a naturalLorentz invariant metric, where one-halfof the Laplace—Beltramioperatorservesas the diffusion
generator.

In the nonrelativisticdiscussionof ref. [1], while reconcilingthe Brownianmotion of a singleparticlewith
that of the particleensemble,we haveexploitedcertainconceptsof the kinetic theoryof gases.Elementsof
the relativistic kinetic theory [24,25] will be utilisedbelow to someextent.

In thenonrelativisticsituation,the classicaldynamicalsystem(wegeneraliseherethediscussionof ref. [1]
by passingfrom P P’ to l~x P3 andincorporatingexternalconservativeforcesfrom the verybeginning)

~ ~=F=—VV, V=V(x) (1)

is replacedby the white noiseLangevinproblemwith friction. Below we shall admitboth signs(±)of the
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externalforces,which is motivatedby ourpreviousdiscussion[1,31 on links of Brownianmotionwith quan-
tumdynamicsandthe resultingconceptofcomplementarydiffusions:therelevantphysicalcharacteristicis here
the reversalofthe involvedstochasticacceleration.

~=A ~=±F+fi(t)—~p,

F= —VV, <fi(t)> =0, </J1(t)/?~(t’)> =cô0ö(t—t’), i,j, k= 1,2, 3 . (2)

It implies the evolution (Fokker—Planck—Kramers)equationfor thejoint position—momentumdistribution
associatedwith the statisticalensembleof diffusing particles:

~ ~=~(x,p, 1). (3)

Like in the caseof the Boltzmannequation,the Cauchyor boundaryproblem (3) is not easyto solve and
informationaboutthe statisticalfeaturesof (2) is usuallydrawnfrom thehierarchyof the local conservation
laws (momentequations)inducedby (3).

By introducingthe local momentsof ~I’(x,p, t),

w(x ~ w(x,t)=Jd3p~(x,p,t), (4)

the first two conservationlaws takethe form

o~w=—V•(wi~), (a,+i~~v)i~=R—
1V~P

0~~I,, (5)

wherethe local velocity andthe pressuretensorfor the flow are given by

p>.~ ~ —v3,iY~w. (6)
m \m /

It is a crucialobservationof ref. [1] (establishedthroughanalysingtheexplicit solutionfor free Brownian
propagation)that in the diffusion regimewhenwe passto the problemof randomflights, the dominantcon-
tribution to the pressuretensordivergenceequals— ~vY,wso that thefriction term is cancelled.Theremainder
of — (1 /w)V~P0is thensurprisingly

_p~sm~\7,Q, (7)

where

J~Sm=D
2w(x, l)V

1V~ln w(x,t), ~=2D2 ~112 ~=D~
2, (8)

and~(x, t) exceptfor theoppositesigndisplaysthe functionaldependenceon w(x, t) which is characteristic
for the familiar Bohm—Vigier quantumpotentialarising in connectionwith the hydrodynamical(Madelung)
descriptionof quantumdynamics.

Accordingly,themomentumbalanceequationin thediffusionregimetakestheformofthefrictionlessproblem

(ä,+i~•v)i
1=—v, (~±-!~), (9)

whereboth~ and Vmightappearwith signsoppositeto what would conventionallyhappenin thecaseof the
classicalpotential Vand (Bohm—Vigier) quantumpotentialQ.

At thispoint weshallinvoke the complementarityhypothesis[1] (whosevalidity wasexplicitly verified for
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the free Brownian diffusion) that, given the diffusion problem (5), (9), automaticallydefinesthe comple-
mentarydiffusion-against-the-flowproblem

i31p=—V~(pv), (a~+v.V)v=_V(R±_Q)~ (10)

where

1/2

Q0Q2D
2 112 . (11)

In ref. [1], in the contextof free Brownianpropagation,we establishedthe existenceof anontrivial link be-
tweenthesetwo (e.g.complementary)diffusions: throughscalingthe currentvelocity by the timedependent
factors=s(t) we introducea newlocal clock for the diffusion andin additionmap (9) into (10), (11). The
compensating(exactly opposite)effectsof complementarydiffusions becomethenmanifest.Sincesuchve-
locity scalingappearsin thestudy[261 of ergodicsystemsin thermalequilibriumwith thereservoir,theabove
mappingmight havequite deeproots worth a furtheranalysis.

Let us stressthat complementarydiffusions in fact appearquite naturally in the discussionof Markov—
Bernsteinprocesses[21] butwe augmentthe original Zambrinidiscussionby demandingthe existenceof the
mappinglinking (9) with (10) in general.The two typesof diffusion then no longerdeservean independent
existenceandonceweknow (5), (9), the diffusion (10) is automaticallydefinedandin reverse,bothtaking
placein real time.

Letus passtothe relativisticgeneralisationof theaboveobservations.In thefinite differenceapproximation
with small time incrementswe canevaluatethe net changeof ~‘ due to noiseas follows:

~(x+ (p/m)i~t,p±Fi~t,t+ At)—~(x,p,t) ~ (p’~k)~t. (12)

In the caseof the relativistic invariant [24,251 phase-spacedistributionf(x, p), the roleof i~tis takenby the
propertime incrementc&= yAr with y= (1 — v2/c2)— 1/2 v=p/m. Then (12) shouldbe replacedby

f(x+(p/m)i~r,p±F~r)—f(x,p)~(noiseterm)M, (13)

where

x= (ct, x), p (Po,P), p~,pP=p~—p2=m2c2,

p=mcu=mdx/dr, p
0=mc~, p=m~v, F=dp/dr, F~u’~=0. (14)

Apparentlythenoisetermin (13) mustbe arelativistic invariantexpressioncomingfromtheassumptionthat
a Markovianrandomwalkis takingplaceon thehyperboloidfor massm. As mentionedpreviouslyit amounts
to studyingdiffusion on thepseudo-Riemanniandifferentialmanifoldwith theone-halfLaplace—Beltramiop-
erator [27] as the generatorof diffusion.

Let us set Po>Oon p~p~’= m
2c2 andintroducethe hyperbolicparametrisation[23]

p~p~=R2, po=Rchr, p’=RshrsinOcosØ, p2=RshrsinOsinØ, p3=RshrcosO,

0~R<co, 0~r<oo, 0~O<7t, 0~Ø<2i~. (15)

It is instructiveto notice that (15) emergesfrom thegeneralpolar parametrisation[28] {R, v~,02, V~}upon
formalidentificationsv~= ir, 02=0, 03 = 0, wherei isthe imaginaryunit effectingthemapcosir= chr, sinir= i shr.

By adoptingthe generalformulasof ref. [28] to thehyperboliccase,we find that theLorentz invariantdif-
ferentialoperator—0,,,= —8 2/8p~hasa naturaldecomposition

—D~=—~-~R~ (16)
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wheretheLaplace—Beltramioperator~ LB on thethreedimensional{ r, 0, Ø} manifoldu~u~= 1 reads(compare
e.g. alsoref. [13])

l(’8h28+ 1o.ea 1 ö~’\
LBj~jS r~~r ~ ôo~~). (17)

Theinvariantvolume elementon u,~u~= 1 is givenby

sh2rsin0 drdO dØ= d3u/u°, u
0 = (1 +u

2)~2. (18)

Remark1. Given a representationg—.L(g) of the Lorentz group on the domainof ~ LB, we havethe fol-
lowing invarianceproperty:L (g) ~ LB = L\LBL(g) whereL (g)f( ~)=f(g ~).

By referringto the hyperboliccoordinates(7) we immediatelyrealisethat anexplicit dependenceon R of
any functionf(p) is automaticallyeliminatedoncewe passto functionsdependingon p/R insteadof p. Then

f(x,p)~f(x,p/mc)=f(x,u), —D
0f(x,u)=~~LBf(x,u). (19)

The abovepropertycomesfrom the coordinateindependentdefinition

~LBf ~(gikg~L), x’=r, x
2_—Ø, x3—_0, g=[det(g,~)]”2, (gzk)I(g,~),

g~=0 (i~rj), g
11=l, g22=sh

2r, gs
3=-~4. (20)

The Lorentz invariantanalogueof the friction termneedssomecare. Apparently,we canat onceintroduce
the coordinateindependentobjectdiv [B ( ~)j], wherethe divergenceof a given vectorfield on the manifold
M reads

divM X= (gX~), X’=B’(~,u)f(x,u). (21)

It is however useful to recall that the nonrelativistic velocity incrementleading to (12) has the form
— [cv—(F/m)]&+B(At), with B(At) representingthewhite noisecontribution.Whenpassingto special

relativity, we needu~ = 1 to besatisfied,hencethegen’eral(infinitesimal) four-velocityincrementmustobey
u~u,2=0.

Obviouslywe expectF~ = 0 to holdtrue for the Minkowski force, thereforethe analogueB (~,u) of the
friction term ~u mustobeyB‘

2u,,, =0 as well. A convenientchoice ofB~(~,u) is suggestedby the generalcon-
structionof the Minkowski (Lorentz) force, andwe set

~ u)=B”~(c~,u)u,,, B~’=—B”~, B°’=—B’°=~v’, (22)

othercomponentsof the antisymmetrictensorB”~vanish.ThenB~= ~ canbe written as

B°=~yv2/c, B=~yv, y= ( l—v2/c2)—1/2 (23)

so thatB~u~= 0 andthe correctnonrelativisticlimit is guaranteedin the manifestlyrelativistic invariantdif-
fusion equationgeneralising(3)

F~ 8 ~‘ 8
~ (24)

10
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The randomnoiseamplitude~andthe friction coefficient~are relativisticscalarsandappearin conformity
with the nonrelativisticformulas (2)—(4).

Remark2. Eq. (3) canbe recoveredfrom (24) in the nonrelativisticregime I v <<c. By consultingrefs.
[24,25] onelearnsthat the left-hand-sideof (22) getstransformedinto thatof (3). The strongoperatorlimit
propertiesof the Laplace—Beltramioperatorfor I vi /c—*0 canbe deducedfrom the heuristicargumentshr—~
I v~/c<< 1, hencer~v I/c. Sincethenchr~1 werealisethat A LB—Fm

2c2A~,.The P3Laplacianarisesexplicitly

in the sphericalcoordinates.

Like in the nonrelativisticcase,insteadof trying to solve the diffusion equation(24) on its own, we shall
passto theassociatedconservationlaws for the local (configurationspaceconditioned)momentsof thejoint
distributionf(x, u).

Analogouslyto procedureseffectedwithrespectto therelativisticBoltzmannequation[24,25], we shallmu!-
tiply bothsidesof (24) with appropriatepolynomialsin the four-velocitiesandthen integratethem with re-
spectto the invariantRiemannmeasuremeasureon u,~u‘~=1, u

0>0.
Eq. (24) differs from the relativistic Boltzmannequationin its right-hand-sidewherethe binary collision

term is replacedby the diffusion term,henceusualargumentsaboutthe collision invariantsdo not apply im-
mediately.All necessaryintegrationformulaspertainingto the left-hand-sideof (24)canbedirectlyborrowed
from ref. [24]. We mustonly handlethe respectiveintegralsinvolving the diffusion term.For this purposeit
isusefulto invokeprop.2.1, ch.X.2 ofref. [271. LetM bea pseudo-RiemannianmanifoldandA theLaplace—
Beltrami operatoron M. A is a symmetricoperator,that is

J W(x)(Av)(x)dx= J(Aw)(x)v(x)dx, (25)

if dx is the Riemannianmeasureon M, and w is infinitely differentiable,while v is a differentiablefunction
of compactsupport.The supportrestrictioncanbe relaxed,sincefor (25) to hold we needthe divergence
integral to vanish,

Jdiv(wgradv_vgradw)dx=0. (26)

It cancertainlybeguaranteedif vdecreasessufficiently rapidly outsidea givencompact(in ourcasewith r— on).
To specialisethe aboveargumentsto (24) we set dx=d

3u/u
0,v=f(x, u) andnext w= 1 or w=mu~.

In caseofw=l, we have

$ Af(x,u)~—~=0. (27)

For w=mu~we dealwith

C d
3u f d3u

mj u~’Af(x~u)__=mJ(Au’1)f(x,u)—~-. (28)
U

0 U

To evaluate(28) we needonly to know [101 that

— 2m2c25J’~,~°’8M8v, (29)

sinceaccordingly

11
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ALBU~=0 (30)

andthus (28) vanisheslike the correspondingcollision invariantexpectationvaluein the kinetic theoryof
gases.We mentionthat w= upua would imply the integral (28) not to vanish.

Theconservationlaws (momentequations)inducedby (.24) do notsignificantlydiffer from thoseknown
in the standardrelativistic kinetic theory [24,25]. Sincefor a differentiablefunction w( u) thereholds [24]

= ~-$fWUP ~1—~— Jfu-~—~, ±JwF j~~’—~=~ ~ (31)

andin additionto (30) we have

the choiceof w= 1 implies

r d3u
(32)

while for w=mu~we get

avJmc2uuuPf(x,u)~_~=$ (±F~—B~’)f(x,u)~—~. (33)

Noticethat if F ‘~is independentof u we get

I d3uj F’~f(x,u) =F~’p, (34)

wherep(x) is a relativistic invariantquantitydescribinga reduced(space—time)probability distribution of
particlesdiffusing in phase-space.If F~= F i’ (x, U) we shall considerthe simplestexamplelinear in u of
F’~=u,,F~with F’~”=F’~’(x)andthen

$ F~f(x,u)—~=pF’~v,,, v,,(x)=!$u,,f(x,U)~~~~_U. (35)

With the notion of the configurationspaceconditionedlocal momentv,,(x), wecanrewrite (32) asthe con-
tinuity equation

8~(pv~)=0, (36)

and(33) as

1 ~d3u
or ±pF~”v,,—pb’4, b~=—_——j—B’~(~,u)f(x,u)=b~(x). (37)

p(x) u
0

Remark3. The Minkowski spaceconditionedlocal momentv,,,(x) off(x, u) is not a genuinefour-velocity
unlessnormalised,v,,,._+v~/(v~v/2)hf

2.Thisnormalisationis only one [25] of thewaysutilisedin the literature
to introducea satisfactoryrelativisticanalogueof the hydrodynamicalvelocity of the flow.

The meanenergy—momentumtensorTILU canbe decomposedas follows (to be comparedwith the nonre-
lativistic formula),

12
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T’4’~=mc2pv’4v~+Jf(x, u)mc2(u’4—v’4)(u~—v~) =mc2(pv’4v~+p’4”), (38)

wherep’4” is calledthestresstensor(pressurein the nonrelativisticcase).Then(37) is transformedaccordingly
upon employingthe continuity equation(36),

mc2[v~8,,v’4+(!/p)8,,p’4”]= ±F’4—b’4, or ±F’4”v,,—b’4. (39)

At thispointweshalldirectlyexploit thenonrelativisticlesson(1)—(9) andassumethat in thediffusionregime
(~r~ c/~whenwepassto the relativisticproblemof randomflights) the remainderof (1/p)8VPPV+ b’4 is the
straightforwardrelativisticgeneralisationof (7), (8):

p~m=(D/c)2p8~8plnp, ~=D~2. (40)

Let us specifyF’4 to be the Lorentz force affectingparticleswith chargee electromagnetically:

F’4= ~F’4~v,,=~(ô’4~.4~—8~A’4)v,,, 0~A’4=0, ±e=~el—~±F=R~-~1-F’4~v,, (41)

andassumethat the following gradientfield canbe defined,

8’4S=mcv’4+(e/c)A’4. (42)

With thesedefinitions, (39) takesthe following form,

(43)

where

U’4(x)=Dô’4lnp (44)

generalisesthe nonrelativisticnotion of the osmoticvelocity [1,2]. Apparently(43) coincideswith eq. 57 of
ref. [81 (with thereservationthatanothermetric u~u‘4 = — 1 is usedthere), if we only setD = h/2mandwith
thechoiceofparticles with chargee= — I e I (electrons)to be actedupon by the Lorentz force, we changethe
sign of the osmoticterm m( U’4ÔVU’4+ DO U’4) into the opposite.

Evidently, we are hereenforcedto considerthe previouslydiscussed(albeit on the nonrelativisticlevel)
problemoftherelationshipbetweenthetwo, apparentlyprimordial, diffusionproblems(9) and(10).To make
theissuemoreexplicit,letusstudybothcases~ (1 /p)V,,P~’msimultaneously,whileadjustingthe R signchoice
to our charge(±e= q eI) conventionimplying the emergenceof the force term ±F’4,

~ ~ (45)

This establishesa straightforwardcorrespondencewith (9) and (10). By employingthe Lorentz gaugecon-
dition andthe fact that 8/45 and8~lnp are gradientfields, we can[8] integrate(45) with respecttox~with
the result

~ ~ (46)

whereM~,is an integrationconstant.
By neglectingthe noise (set formally D= 0) we endup with a classicalproblem,which in the free motion

caseyields (seee.g. also ref. [8])

M±=M=mc2v’4v~=mc2. (47)

13
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Let us now pay attentionto the role of the choiceof the signwith which the potential term

Q~=~2D2Dp1’2/p”2=~2D2[Dlnp+~(8’4lnp)(8,
4lnp)], 0~Q~=~8pP~m (48)

appearsin (43)—(46).
According to our previousconsiderations[1] held on the nonrelativisticlevel, Q+ controlsthe standard

Browniandiffusion, while Q is immediatelyidentifiableas the Bohm—Vigierquantumpotentialandby ref.
[1] controlsthe Browniandiffusion-against-the-flow.The latter providesan equivalentstochasticdescription
of the Schrödingerdynamics.

Let us observethat a complexfunction

~=exp(R+iS/h)=p”
2 exp(iS/h) (49)

satisfies(we deal with the positiveenergy casePo = mcy>0)

(o~±~A’4)(a~± ~A~)yJ=[0~~,
2 — ~(o~s± ~A~)(o’4S± ~A’4)]~=_ ~ m~c

2~,

8~(pv~)=0, v~=0’4S±~A’4. (50)

Hence

(51)

is the energy—momentumbalanceequationwhenQ entersthegame.By introducingthe real function 0* (we
conformto the notationsof ref. [21]

O*=exp(~_S/h)=~h/’2exp(~/h), (52)

we obtain

e e D1~’2 1 e e mM m2c2

(a~~~_A’4)(0~4~_A~)O*=[,~1/2 + ~(o~~±_A~)(a~’s±_Ai’)]o*= ~~~_o*=—~~~_o*,

0~(flvt~)=0, iJ~=8’4~±~A~. (53)

Hencewith Q~.(e.g.withtherelativisticgeneralisationof thestandardBrowniandiffusion) in hands,we arrive
at the generalisedtheoryof heattransportwith the energy—momentumbalanceequation

[ ~ ~-AP)(8~~ ~_A~) + m2c2] O~=0. (54)

By passingto the propertime Schrodingerequationandinvestigatingits stationary(in r) solutionswith

~(x,r)=exp(—imc2r/2fz)p”2exp(iS/h) , (55)

we recover(D=h/2m)

i8~w=_D(8’4±~ ~ (56)

or, respectively,its thermal (heattransport)version

14
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8~O*=D(0PR:~!-AM)(0~R: ~_A~)O*. (57)

Zambnni’sgeneralisedheattransportequation [21]

8,0*=DAO*_ ~ 0~ (58)

definesthe nonrelativisticQ~Browniandiffusion, which is complementaryto the Q (i.e. Schrodinger)one

V
i8,w=—DAcv+~-~yi (59)

in theframeworkof thetheoryof Markov—Bernsteinprocesses.
The complementarityhypothesisin the relativisticsettingallows one to form pairsof complementarydif-

fusionscharacterisedby the choice of the sign for the chargeand for the osmotic potential Q. They are
{+e, Q} with {—e, Q+} and {—e, Q} with {+e, Q+}.

Thefirst draftofthis paperwaswritten duringmy brief visit in Bielefeld (BiBoS preprintNo. 461/91).My
warm thanksgo to ProfessorPh. Blanchardfor discussionsconcerningthe utility of Wignerdistributionsin
the contextof stochasticmechanics,andto ProfessorE. Nelsonfor making ref. [10] accessibleto me.While
completingthe final versionI haveenjoyeddiscussionswith ProfessorJ.P.Vigier andhishospitality extended
to me in Paris.
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