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We give a purely probabilisticdemonstrationthat all effectsof non-random(external,conservative)forceson thediffusion
processcanbe encodedin theNelsonansatzfor thesecondNewtonlaw. Eachrandompathof theprocesstogetherwith a proba-
bilisticweightcarriesa phaseaccumulation(complexvalued)weight. Randompathsummation(integration)of theseweights
leadsto thetransition probabilitydensityandtransitionamplituderespectivelybetweentwo spatialpointsin a giventime inter-
val.TheBohm—Vigier, Fenyes—Nelson—GuerraandFeynmandescriptionsofthequantumparticlebehavioursarein factequivalent.

1. Time reversal in the descriptionof random Let us confine attentionto a fixed time interval
phenomena [0, T] andconsidera classicalconfigurationspace

pathconnectingthe pointsq0 q (0) andQo = q ( T).
Discussionof time reversalin thegeneralcontext Apparentlyit comesfrom the Hamilton equations,

of stochasticprocessesis tamedby folklore argu- whosetime reversalinvarianceallows one to con-
mentsaboutthe inherent(dissipation)irreversibil- siderthenewtimedependentconfigurationvariables
ity of randomphenomena.For example [1] the
emergenceof the pseudo-Fokker—Planckequation
(negativedefinitediffusion matrix) wasnoticedin i~(0)=Q0—~~(T)=q0. (1)
quantumopticsinvestigations,but its probabilistic
significancerefuted.Underthe familiar nameof the Here~(t) drawsthesametrajectoryin~ asq( t) but

followed in the reversedirection:ft( t) = —p( T—t),
backwardFokker—Planckequation,however,it ap-
pearsquite naturally [21 in the descriptionof sta- j3( 0) = — P0= —p( T). Accordinglywe dealwith the
tionaryMarkovian diffusion in connectionwith the alternativewaysof connectingthe given configura-
notion of detailedbalance. tion spacepointsq0 and Q~by a classicalpath fol-

Indeed, the time reversalsymmetryis not an in- lowed in the time interval [0, T]. Markovian dif-
trinsic propertyof a Markoviandiffusion: the Mar- fusion is known to admit the existenceof both
kov propertyitself is timesymmetricbutMarkovian forward (x, s, y, t) andbackwardp~(x,s, y, t), s~I,

diffusion ingeneralisnot [3—61.Henceit is of some transitionprobabilitydensities,where
interestto discussthecircumstancesunderwhich the p(x,s)p(x,s, y, t)=p~(x,s,y, t)p(y, t) , (2)
conceptof timereversalmaybe relevantfor thede-
scription of randommotions, providedp (x, t) istheprobabilitydistributionofthe

Our principal goal is to extract from the proba- randomvariableof the processat time t.

bilistic datainformationon howtherandomprocess The forward probability density solves the for-
is affectedby theaction ofnon-random(hencecx- wardFokker—Planckequationiny, I whichwechoose
ternalto the process)forcefields. Theforcesof in- in the form
terest(conservative)have the propertyof time re- ~ = ~L~,~— V~(bp) . (3)
versal invariance whose impact must be seen in
stochasticpropagation. b (y, t) istheforward drift ofthe process,v~ 0 is the
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diffusion coefficient (usually a constant).In van- tion providesuswith thereversaloftheoriginal time
ablesx, swehavesolvedherethebackwarddiffusion evolutionfor p(x, t):

equation
~5(x,0)=p(x, T) -+ô(x, T)=p(x,0).

O~p=—vL~~p—bV~p. (4)
According to the rules of the Ito calculus [21 the

Thebackwardprobabilitydensityp~(x, s,y, t) solves forward Fokker—Planck equationis equivalenttothe
the backward Fokker—Planck equation in x, sandthe stochasticdifferential equation
forward diffusion equation in y, t:

dX(t)=b(X(I), I) dt+~J dW(t) , (13)
— vL~~p—V~(b5p~), wherethe initial valuesof therandomvariableX( t)

8p~=VL~~yP~b*VyP*. (5) are distributedin P
3accordingtopo(x)=p(x, 0).

b~is the backwarddrift of the process.Since Eq. (13) describesforward propagationof the
randomvariableX( t) undergoingthe Wienerpro-

p(x, t)= Jp(~~0)p(y, 0,x, t) dy (6) cessW(I) with the forwarddrift b=b(X(t), I) and
X(s), s~<t, independent increments W(t)— W(s).

solves Apparently the same reasoning can be appliedto (12)
with the result

d~p=v~p—V(bp) (7)
~ -~

in the finite time interval, we havethe initial dis-
tributionpo(x)=p(x, 0) and thefinal distribution dX(T—t)= b~(X(T t), T—t)dt+~/~dW(t).
p(x, T) of the process for the case of forward O~<t~<T. (14)
propagation.

Would we be interested in the stochastic analogue Notice that to transform d W(t) to the explicit T—1
of the previous purely deterministic analysis in the dependent form, we must define W( t) = W~(T—I)
case of the reverse (backward) propagation, then in- where ~‘(s) = X( T—s), s ~ 1, independent of
stead ofp(x, 1), 0~t~T,we need W(t)—W(s) implies the X(T—s), s~<t, indepen-

dence of W~,(T—I) — W~(T—s). Here s~t
~3(x,t)=p(x, T—t) 0~t~T. (8) T—t~<T—shenceW~(r)isaWienerprocesswhose
The correspondingpropagationcomesfrom incrementsW~(r) — W~(a) are X( a) independent

not for a~rbut for r<~a.
~5(x,t)=p(x, T—t) The initial values~(0)eP3 of~t~(t)are distrib-

uted according to j5(x, 0)=p(x, T). In terms of

=JP*(x~T—I),y,T—s)p(y,T—s)dy a=T—s,r=T—t we have

= Jft(y,s,x,t)/3(y,s)dy, (9) dX(r)=b~(X(i),r)dr+~J~dW~(x),
(15)

which implies
which is a manifestbackward(e.g.pseudo-Fokker—

0
1ft(x, t)=—ôTp(x,r)=vL~ft+V(b~p), Planck)decodingof the forward propagation(12).

In the abovediscussionp~definesthe reversalof
‘r= T—I, b~= b~(x, T—t). (10) the randompropagationgovernedby p. Hencefor
By defining the diffusion of interest wemusthaveguaranteedthe

6(x,I)=—b5(x,T—t) (11) existenceofbothpandp~ intheinterval [0, T],but
this definitely is not the case [1,2,5—71for all con-

we replace(10) by the forward equation ceivableMarkoviandiffusions.Properlimitationson

01ft(x, 1)— v1~ft(x,t)—V(615)(x, 1), (12) the process(existencecriteria) must thusbefound.
Remark.Theforward processtells uswhat will be

whichapartfrom referringto the forward propaga- the probabilitydistribution at time t, givenp(x, 0).
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The reverseprocessmustnot necessarilybe viewed
as a genuine(realistic,realizablein nature)random wherethe osmotic velocity of the processu = u (x,
propagation in the backward direction. It may be in- I) = ~ (b — b~) naturallyappears.
terpreted as telling us that the distribution wasin the Let us recall that b~(x, t) is the mean velocity

evaluatedfor all particleswhosedestinyis to reach
timeinterval T—t beforep(x,T) hasbeenreached
in the courseof the forward evolution,i.e. as an an- x at time t aftertheflight timeAl (alongsamplepaths
tifice to reproducethe pastdataof theprocess,given of the process).Theabrupt changeof b~(x, t) into
the present. b(x, I) at xis ofpurelystochasticorigin: it isthe out-

comeofrandomfluctuations(scatteringatx) which
modifythe meanvelocityof particlesinto b. Thenet

2. Notionsof velocity andaccelerationfor random (mean)drift velocity changeat x is 2u=b—b~and
motions this purely stochastic(osmotic)effect is accounted

for in thefinite differencepropagationformula (17):
Randomtrajectoriesof the diffusion processare the u deviationfrom the backwarddrift b~accu-

continuousbut nowheredifferentiable.Anywaywe mulatesafter 2At tothe 2uAtspatialincrement.The
canintroducetheforwardandbackwardtimedeny- definitions (16) of time derivativesfor stochastic
atives of the processX( t) in the appropriately motioncanbeextendedto arbitrary(smooth)func-
smoothenedsense: tionsf( X(1), t) of the randomvariable. It implies

[3—5]a varietyof stochasticaccelerationsthrough
(D~X)(t)AI~-J dyp(x,t,y, I+At)y—x. incrementsof the drifts,

b~(x,t)—’b~(x,I—At)+ (D~..X)(l)At
(D_X) (t)At~x—Jdzp~(z,I—At,x, t)z, (16) b~(x,t+At) ~b~(x, t) + (D~DX) (t)At,

which in fact provides us with the drifts b(x, t) ‘~ b(x, t—At)+ (D D~X) (I)At,

(D+X)(t)=b, (DX)(t)=b~ of the process:
b~=b~(X(I),t). b(x, t+At)—~b(x, t)+ (D~X)(t)At,

If the diffusion pertainsto massive (point) par- D b~= (ö~+b~V—v/~)b~,
tides, we havea naturalphysicalinterpretationof
the forward drift as the meanvelocity of particles D~b~= (~,+ bV + vA )b~. (18)
leavingx at time I (alongsamplepaths),while the Relatedincrementsof the currentvelocity are
backwarddrift canbe viewedas the meanvelocity
of particlesapproaching(comingto) x attime I. Ac- v(t)~v(t—AI)+ ~(D~ +DD÷ )X(t)At,
cordinglyx—b~(x,t) At is the meanposition eval- v(I+At)—~v(t)+1(D~+D+D )X(t)At, (19)
uatedfor incomingparticlesa time Al before they where
will reachx at I. The meanpositionevaluatedalong
samplepathsof outgoingparticles,a time At after v(t+At)’—v(t—At)+(~X)(t)(2At) (20)
they left x at t is x+b(x, I) Al.

The meanmotion in the interval [t—At, t+At] and [7] ~~=~(D÷+D),
canbeviewedasuniform, andthe propagationfrom (1~3~X) (t) = [~(D~ +D~)
x— b~Atthroughx tox+ bAtcanbeapproximatedby
the uniform motion with velocity v=v(x, t) +~(D+D.+DD~)]X(t) (21)
= ~(b+ b~) along the line segment [x—b~At, is calledthecurrentaccelerationof theprocess.No-
x+ bAt], accomplishedin time 2At. v is calledthe tice its time reversalsymmetry:
current velocity of the process.This interpolating
motionis givenby ~X( I) = ~( t) = ~X( T—t) . (22)

Xr = x— b~At+ ~(b +b~) Incrementsof the osmoticvelocity,

=x—b~At+b~r+~(b—b~)r, in[0, 2At], (17) u(l)”~u(I—At)+1(D_D+—D~)X(t)At,
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u(t+ At) ‘-.~u(t)+ ~(D~—D÷D )X(t)At (23) and [I, t+ At] aremodifiedby the admixtureof the

combineinto theaveragedeviationvelocity aboutx outgoing (scatteredas a result of randomfluctua-
tions) paths:

at t:
u(t)= — [b~(x, t)—b(x,1—At)]

~[u(t+ At) +u(t—At)] =u(t) + (~~X)(1) (2At)
(24) =2u(t)—(D_D~X)(t)At,

where~a ~(1~~D), U~(t) = — [b~(x, 1+At) —b(x,1)]

(9)~X)(t)= [~(D~+D~) =2u(t) — (D÷D_X)(t)At. (30)

—~(D÷D_+DD+ )]X(t) (25) Theaveragedeviationfrom the forward flow in the
interval [I — Al, t+ Allis givenby

isthetimereversalinvariantosmoticaccelerationof
the process.The meaningof theseaccelerationsbe- ~ [u÷ (1) + u_ (I)]
comestransparent,if we observethatduring thetime

=u(t)—~(D~D+DD+ )X(t)(2At) . (31)interval [I — At, tithesurroundingof x hastravelled
not only by samplepathsterminatingin x at time t, Given u(x, t), v(x, I) we canconsider:
but alsoby thosewhich originatedfrom x at time

uA=u+(9X)(I)At, v~=v+(~X)(t)At,
— At. Therespectivecontributionsto the meanve-

locityof particlesflying aboutx in theinterval [1—At, b,~= b + (~+ ~ )X(t)At
t] areb~(x,1) andb(x, t—At). They combineinto

=b+~(D~+D~)X(t)At,the averagevelocity of particles
b~~=b~+(ci~—~)X(t)Atv(t)=~[b~(x,t)+b(x, 1—At)]

=b~+~(D+D+DD+)X(t)At. (32)
=v(t)— ~(D D+X)(t)At

In the caseof non-zero~ — b~we would dealwith=v(t—At)+ ~(D~X)(t)At. (26) theattraction(or repulsion)ofthe incomingflow to

Analogouslyfor the interval [t, t+ At]: a given point. Let us say that the diffusion process
remainsin a stochasticequilibrium if the incoming

v + (t) = ~[b(x, t) + b~(x, t+ At)] flowis notacceleratedat anyspatialpointfor all times:

= v(I) + ~(D~D X)(t)At thenneitherpoint isparticularlydistinguishedby the
process.It meansthat

=v(t+At)—~(D2÷X)(t)At, (27)
~(D+D +DD~ )X(t)=( —

wherepathsoutgoingfrom x at 1 coexistwith paths (33)
whosedestinyis to reachx at I + At.

The randomadmixtureof the outgoingpathsto for all times,andaccordingly
the incoming flow implies the net change of ~ (x, t) = b~(x, t) , v+ (I) — v— (t) = 0,
(b—b~)(x,I) into

(34)v~(t) —v (1) = ~(D÷D_+D_D~)X(t) (2At)
Theprocessstill allows fornon-zeroaccelerationsof

= [v(t+ At) — v(1—At)] outgoing flows, but they are an intrinsic feature of

— ~(D~+D~)X( t) (2At), (28) fluctuationphenomena.We shall choosea specific
way to destroy the stochastic equilibrium in the above

where one more time reversal invariant acceleration by applying force fields external to the process. If they
enters the scene:

are conservative,we canproducethe field of accel-
~(~—~X(t)=~(D÷D_ +DD÷ )X(t). (29) erationsfor the stochasticprocessby setting

Analogouslywe canevaluatehow deviationsfrom ~(D÷D +DD+ )X(t)=— VV(X(t), t), (35)
theforwardflow b~(x,t) in timeintervals[t— At, I]
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whereM is an arbitraryconstantwith the dimen- p(y, I, x, t+At)=(4itvAt)3”2
sionsof mass.

f [x—y—b(y, t)At]2Remark.If the diffusion processpertainsto iden- xexp(~— 4At )~ (39)
tical particlesof massm each, thenM shouldbe
identifiedwithm. If wedo notattributeanyconcrete Sinceit is necessarythat (35) is satisfied,we utilize
massto diffusing particlesthenby settingm~= h/2V b(x, I) = 2 vV(R+S) (x, 1) andthe systemwhich is
whereh is the Planckconstant,we canassociatea equivalentto the Schrodingerequation(38):
certainstochastic(effective) massm~with the dif-
fusing particles.Forfutureapplicationslet us intro- a

1s—v[(VR)
2— (VS)2+ AR] + V/h=0,

duce a constant with dimensionsof the action,
ô,R+v[AS+2(VS)(VR)]=O, <S>o=0, (40)

= 2mv, in the caseof particlesof massm. (Since
v neednotbe a constantbut mayin principleslowly to evaluatecontributionsto (39) from the gradient
varywithx and t, eq. (35) wouldapplynevertheless (i.e. b), by meansof the Ito formula [5,9] (applied
for not too large space—timeregions). to R andSasfunctionsofthe randomvariableX( t)

Theaccelerationformulas(33), (35) are of pro- in the finite differencescheme),
foundimportance,sinceas indicatedin ref. [8] the f(X(I+At), t+AI)—f(X(t), I),
problemofsolvingthejoint system(13), (35) can be
uniquelyreplacedby that ofsolvingthe partial dif- t= t,, t+ At= ‘~

ferentialequation
X(I+At)=x

1+1 , X(t)=x1
i(2mv)ö,~(x,t)= [—~mv

2A+ V(x, t)]yi(x, t) —~‘f(x,~
1, t1+1)—f(x1, I)

(36)
=(a~ñ(x1,t.)At+(Vf)(x1, t1)Esx

in the time interval [0, T], provided we confine
p0(x) to a contractiblespatialareawherethedensity + V( Al) (x1, I) At,
hasno zeroes,and At=t1~1—Ii, Ax=x,÷1—x,, (41)

~(x, t) = exp[(R+ iS) (x, t)] with v= h/2m. Thetransitionprobabilitydensitybe-

tweentwo fixed pointsx0 andx in the time interval
<S>0 = JdxS(x,0 )Po (x) = 0, [0, T] canbeformally representedby the random

pathsummationformula [9,10] (seealsoref. [8]),
2vVR(x, t)_—u(x,t), 2vVS(x,t)=v(x, 1). (37)

p(x0,0,x, T)
In thecaseof particlesof massm undergoingthedif-

P n n—i
fusion, by setting = lim I fi p(x,,I1,x~+1,I~+~)fl dx~

n—’~J i=0 k=I
v=h~/2m (38)

exp[(R+S)(x, T)]
we transform(36) into thefamiliarSchrodingertype = exp [ (R+5) (x0, 0)]
equation.In particularwe canset h~,= h whereh is
the Planck constant, which replaces the correspond- X(T)=x

ing diffusion processby the quantummechanical X J [DX] exp[ — ~J(~mij~
Schrodingerproblem. X(O) =xo to

— v+ -~-~- ApI~’2\1
2m p”

2
3. Weightsfor randomtrajectoriesand respective

pathintegrals x~~
1=x,t~÷1=T,t~z0. (42)

For small flight times the transition probability It collectscontributionsfrom probabilisticweights,
densityofthediffusion process(13) is givenby [1,81 associatedwith randompaths of the stochasticpro-
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cessconnectingpointsx0 andx duringtheflight time K(x,, t,, x,÷,,t,.fi)
T< 0. In thecaseof1l~~ h, h,~shouldbeusedinstead ~+, —( i (x~1—x1)

2
of h above. = [41tiV(t~~, —1

1)]
312exp

A formal link of theabovepathsummationpro-
cedurewith the Feynmanpath integral wasestab-
lishedin ref. [9] andwasclaimedto providea sto- —i[8

1SAt+ S7SAx+vASAI+VAt/h](x1, ti))
chastic mechanics derivation of the Feynman
propagatorformula. However,the argumentsof refs. ( i (x1+, —x1)

2
[9,10] remainincomplete:one cannotbe satisfied =[4i~iv(t

1÷1—t~)]
312exp~ ~1+1 ~

withthereplacementof thediffusionconstantv pro-

cessby the “process”with the imaginary diffusion i[S(x~+,,t+,)—S(x
1,1,)

constanti V. Whatisnecessary,isto demonstratethat
Feynman’spath integralcanbe representedas the + V(x1,1) (t,~, —ti) fill)
summationof phasecontributionsassociatedwith
randomtrajectoriesofthesamestochasticprocessas exp{i [S(x, t•) —S(x1~,,t,~,)I }
the oneunderlying (42).

X k(x1,1,, x,÷~, t,~~)This goal canbe indeedachievedalong the same
lines as (39)—(42), provided that instead of the Ax=x1~,—x,, At_—t1~1—t,. (44)
probability densitywe shall utilize the propercorn- This enablesus to write down the phaseaccumula-
plex expressionfor the phaseaccumulationbetween tion formula as aformalpath integraloverrandom
pointsx andy in the small time interval At. Let us trajectoriesof the stochasticprocess(13), (35),
observethat

K(x0, 0,x, T)
K(y, 1, x, t+4t)= (4xivAt)

312
= exp{i[S(x

0,0)—S(x, T)]}k(xo,0,x, T)
x exp( i [x—y—v(y, t)At]

2\
At ) k(x

0,0,x,T)
Xexp{—i[8,S+v(VS)

2+vAS—V/h](y,t)At}. =f[DX]exp(~J(~m~2_V)dt). (45)
(43) 0

After suitablereorderingof termsandnextutilizing HenceFeynman’sexpressionfor the quantumme-
the Ito formula (41) gives rise to chanicalpropagatorcomesout, andFeynmanpaths

are essentiallyrandompathsofthe well definedc/if-
fusionprocess(13) affectedby the conservativeforce
field (35).

Remark1. The pathintegralmeasurefor (45) is
knownnot to exist in the literal sense,seeref. [11].

Remark2. Thepositiveprobability weightswere
attributedto Feynmantrajectoriesin refs. [12,13]
(seealso referencestherein).As emphasizedin ref.
[13] it appearsthat a commonstochasticbasisun-
ifies the threeviewpointsof quantumparticlebe-
haviours: the Bohm—Vigier causalapproach,Fen-
yes—Nelson—Guerrastochasticmechanicsand the
Feynmanpathdescriptionof quantummechanics.
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