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THE QUANTUM PENDULUM AS SPIN 1/2
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We derivethe conditionsunderwhich thequantumpendulumbecomesequivalentto theelementaiyspin 1/2.There-
lationof thequantumandclassicalangularmomentais considered.

1. A potentialV= mgl(1—cos0) impliesthemotion form a completeorthonormalsystem(basis)in h =

of aplanependulumof massm,length 1 in aplanein £2(O,4ir), whereh = h~ hse.!
whichan accelerationg= (g,0,O) is applied.The first In the limit g ~ 0 the following propertiesof eigen-
quantizationof theproblemarisesin the following valuesarise[1]: a

0 (q) -~ 0,a~(q) —~a~(q) -~ ak(0)

form: ~ 0,a~(O)<ak+1(0), while in the limit m -~ oo, gil
fixed, the spectrumof the quantumpendulumgoes

{(—h
2/2ml2)d2/d02+ mgl(l—cosO)}~ti~ overto that of the doublydegenerateharmonicoscil-

whichafter thesubstitutions lator:

2z = 0, q = 4m213g/h2,a = 8ml2(E—mg~/h2, E~-+E~~
14(2n + 1/2)h(g/l)

1/2,

goesover to thewell-knownMathieuequation E~÷
1-÷E3~+2-~ {(2n + 1) + l/2}h(g/T)

1/2.

{(d2/dz2)+ (a—2qcos2z)} LIIi = 0. Moreover,underthereflectionq -~ —q, we have

This lastequationis solvable[1], andprovidesuswith a~~
1(±q) = a~~1(~q),while an evenpartof the

a completedescriptionof theHilbert spaceh = spectrumremainsunchanged.Let usaddthatconven-
£2 (0, 47T), ~ E [0, 4ir}. The spectrumof the quantum tionally [3,4] an oddpartof the spectrumis omitted
pendulumforg * 0 is nondegenerateandbotheigen- as“unphysical”,but its presenceis crucialin below.
functionsand eigenvaluesexhibit a manifestq-depen-
dence.TheMathieu functions: 2. Let usnow introducethefollowing indexation

of theMathieu functions:ce~(z) = e4~(z),ce~~1(z)
ce~(z±i)=ce~(z), =e4n÷i(z),se~÷2(z)=e4n+2(z),se~+i(z)=

e4n+3 (z), n = 0,1 Notice that withrespectto their
se~~2(z±ir) = se~~2(z), magnitudethe eigenvalues~ a4~~3appearin the

inverseorder.
ce~~1(z±ir) = —ce~~1(z), The set {ek}k0,l canbeusedto definedensely

inh thepair,of opera~ors:

se~÷i(z±1r)’_se2n÷1(z),n0,l,2,...,

2ir 2ir a*E./i~T’~ek+l®ek, aE.s./kek_l®ek,
I f cek(z)ce1(z)dz =

6k1= ~ f sek(z)se,(z)~ k=0
0 whichasgeneratingin h a Fock representationof the

2ir CCR (canonicalcommutationrelations)algebra,give af cek(z)sel(z)dz=O,
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completecharacterizationof the quantumpendulum (O(~)Ia*aIO(~))= sinh2O(~)= [exp(~w) 1] * (3)

problem, {a*, a, 0) = ce
0}. On the otherhand,if one

denotes: As shown in refs. [8—-lOl,it is possibleto construct

In 1) = [(2n + l)!1h/
2~a*)2n+l0), theone-parameterfamily {® )}x~[O) of the

abovecouplings,so that:
In 0) [(2n)!]~I2(a*)2hhI0) . ~l —l

inn [exp(3w~)— 1] -~ [exp((3wF)+ 1]

and noticesthat:
which expressesa nonthermalprocedureof the X-en-

~iiIn, 0)(0,n I = cos2(irN/2), N= a*a, (1) forcing of the spin 1/2 approximationof theconsid-
n0 eredsystem.

one finds [5] that the operators: urn (XI:Fc(a*, a): IX) = (0OI:F(b*, b):loo),

b — cos2(~iN/2) b* — * cos2(irN/2) (P’)

- (N+1)112 a, -a (N+l)112 ‘ IX)Eh, I~)EhF=lFh.
generatein h = £2(0,4ir)a reduciblerepresentationof Here [b,b*1+ = 1F and ~b*,b, I0)} is a Fock represen-
the CAR (canonicalanticommutationrelations)alge- tation of the CAR (canonicalanticommutationrela-
bra,which becomesreducedon eachtwo-dimensional tions) algebra.If appliedto thequantumpendulum
subspaceh~C h; an evenbasisvector is the vacuum problem,sucha choiceof the temperature-dependent
statefor this irreducibility sector, groundstate,mathematicallyrepresentsa selectionof

an irreduciblespin 1/2componentfrom the mixture,be~=0 b*e~,~e
2+1, /n=0,1

andsaysthat thesystem—reservoircoupling prefers
Consequently,with respectto b, b* we get the follow- spin 1/2 basedon = h~.
ing splittingof h: At this place we shallgeneralizethe spin 1/2 ap-

proximationconceptof refs. [8—101to allow the se-

h = ~ (h~h~) lection of otherthanh~spins1/2. We take:fr E~0

n0 ~ ‘ IkekEhanddefine:
whereh~is a linearspanof ~ ce2~~1}, andh~ sinh2O~(~)= ~ Ik—2s lIfkI

2exp(—~E~) (4)
of {se

2~~2,se2~÷1}. Notice that b* createsan energy ~‘ ~jf~
2 exp(—i3E~)

quantumin h~,while annihilatingan energyquantum
in h~.The converseholdstrue for b. wherethe X-scalingof thequantumpendulumspec-

Becausedirnh = 2, eachh~carriesan elementary trum is chosenby demanding:lirnx ~ = for all
spin 1/2. Hencethequantumpendulumis equivalent k < 2s,k> 2s + 1 while limx.c,,E~= F

25, ~
to the reduciblespin 1/2 equippedwith an additional E~5~1= E25~1(for an explicit constructionof such
degreeof freedomIindicatingwhetherthe creationof scaling in the limit m -~ o~,which correspondsto
the spin-up statecreatesor annihilatesan energyquan- seerefs. [2,10]). Now,we have:

turn: h~= h+, h~= h.
lim sinh2O~5O3)= [exp{~

3(WF+ ~2s)} +
11--I , (5)

3. Now we shallintroducethenotion of tempera-
ture-dependentgroundstatesIe(13))accordingto whereWF = (2/~)lnIf~/f~÷1iand c25 >0 for n 0,
thermo-fielddynamics[6,71.Theygive accountof 2,4 ~2y <0 for n 1,3,5,....
thecoupling betweenthe quantumsystemof interest By repeatingthe argumentsof refs. [8,9], oneeasi-
(quantumpendulumhere)and the environment(reser- ly finds that each2sthcouplingof the quantumpen-
voir), underwhich thegroundstateexpectationvalue dulumwith the environment,in the limit X -+ selects
ofN=a*a reads: a singleirreduciblespin 1/2 componentof the quantum

pendulum,which is basedon h~for n = s/2,s = 0,2,4,
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andon h~for n (s— 1)12, s = 1,3,5, ..., respectively, on whethersign~ = ±,respectively,while for an oscil-
lation: L0 = 0.

4. The quantumpendulumunderstoodasa triple On theotherhand,the quantalresult in thespin
{a*, a, ce0= 0) } definesin h = £2(0, 4ir) a symmetry 1/2approximationwouldbe 1/2andno apparentre-
groupE(2)of theeuclideanplane: lationbetweenthe classicaland quantumangularmo-

mentais seen.
T~= a*, T— = a, ~ = — + a~a, For simplicity (but withno lossof generality)we

restrictour considerationsto the cases= 0 andde-
[J5,T~].=±T~, [T,T’~]=1B, mand:
so that Tn = exp(aa*— ~a) translatesthevacuum (~(~i)l±J~I ®~(~3)) = ±(— ~+ sinh

2®~(~3))
TnIO) = a) into a coherentstate,while J~realizesro-
tationsin thecomplexa-plane:

= ±27rml2/r~h- (7)
a -~ a exp(—iO) = a~~ (ala~Ia)= a exp(—iO). In the limit A -÷oo we get then:

Let usnow considerthetemperature-dependentexpec- ±1 /r,,~.= (h/2irml2)(— ~ + [exp(w~ + e)+ 1] _l), (8)
tationvalueof the generatorJ~in thelimit A -÷ 00:

where: ±l/r E [—h/47rm12,il/4irml2]and conse-
lim (®~(g3)IJ

5IB~(i3)) quently a lowerboundfor the classicallyadmittedro-

(6) tationperiodarises:T,,, ~ 4irl
2m/h. In addition,be-

i 1 1 causethespin 1/2approximationdefinesan irreduci-
= — + [exp{~(wF+ �~)}+ Ill E [— ~,+ ble spin 1/2 in h~,we canintroducea rotation throu~

We havehererealizedthegeneralizedspin 1/2approxi- an angle0 aboutan axis (sin p, — cos p,0) by the use
mationof the quantumpendulum.Namely,we find in of S [11,12],
h vectorsIX,2s) sothat:

R
0~= exp(~S~—~Sj,

lim (X,2sl:F~(a*,a):IA,2s)(2sI:F(b*,b):I2s), ~=~0exp(—bp), I0,~p)=R0~I0),
=

where12s) = lim~..~IX,2s)E h~(i.e.h~for 2n = s,ìç
for2n+1s)andtheindexNat:F~(a*,a): means ~
that in theexplicit normalorderedoperatorexpansion (0 ~pIS50, p) = cos0 , (0,~ S~0, p) = ~sin 0 cos p,
for :Fc(a*, a): all a*, a shouldbe replacedby a* = (1/
(Ni- l)l/

2)a*, a = (l/(N+ l)1I2)a,respectively,cf.
e.g.ref. [2].Butit alsomeansthat (0,~SyI0,~=~in0sinp, (0,pIS2IO,p)rr3/4,(9)

0) beingthespin-down(vacuum)statein a spin 1/2
lim (X,2sIa*/(2s+ l)’/2IX,2s) = (2sIb*I2s) , sector.The rotatedvacuumstate I0,~p)isknown as

the Blochstateand providesuswith a classical-like
imageof S.

lim (X,2sIa/(2s + 1)1/2IX,2s) = (2sIbl2s), The aboveformulassuggestto definethedeflection
angleby demanding:

i.e. thewhole SU(2) Lie algebrafor spin 1/2emerges cos0 = 4~12m/r~hif 0 E [0,ir/2),
intheplaceof(T~,J

5):S~=a~,S=a,S5——1/2
+ GU~ = —4irl

2m/rjl if 0 E [ir/2,ir},

5. With a movingplanependulum(classical)we can which establishesthelink betweeneqs.(7) and(9):
associatean angularmomentumvector,averagedover theclassicalplane(m, 1) pendulumrotatingwith the
theperiodr, orientedin thez-directionandwith periodr~= 4irl2m/h aroundthez-axis,canbeconsid-
lengthL

0 = r~
1f~m124 dt. In thecaseof rotatingmo- eredas aclassicalrelative(descendantor ancestor)of

tion we have±2irml2/r = L
0, wherethesign depends theirreduciblespin 1/2 componentof the quantum
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pendulum,here0 = 0. Taking r > 4~l2m/h induces [6] Y. Takahas~and H. Umezawa,Coil. Phen. 2 (1975)

a corresponding0-rotationof eq.(9) for all possiblep.
171 H. Matsumoto,Fortschr.Phys.25 (1977) 1.
[8] P. Garbaczewski,A conceptof spin 1/2 approximation
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