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A metamorphosis of bosons into fermions is characterized in terms of finite temperature statistical distributions.

1. A statistical average of a quantity 4 over the
grand canonical ensemble at temperature T is given by:

A =Z71(B) Tr (4 exp (—pK)) ,
H=H—uN, Z(@)=Tr(exp(-$X)),

where H is a total hamiltonian of a single elementary
quantum system while u is the chemical potential.
Let us suppose that (A4) can be given in the form of
the ground state expectation value:

)

)
(4 =(0(8)| 410(8)) = Z-1(®) E(n!Aln)exp(—BE ),

where X|n) = E,|n), (nlm)=38,,,, |n) = (1/\/r—t_!)a*"e0
and |0(B)) arises as a “temperature dependent ground
state” [1], in the form:

10(8)) = Z-V2(8) 23 ¢~ FEnI2|n, 77, 3)

(i, nlAln', ') = (nlAIn')é In) i) .

The tilde system playing the role of the reservoir appears
according to:

HIA)=E,\n), (#lm)=8,,
i) = (/n)a*ne,, a&, =0,

The use of temperature dependent expectation values
for a spin 1/2 system implies:

nm > |na ;i)=

@

[@,3*]_=1g.

H=wb*s, [b,b*], =1,
10(B))g = [1+exp (—Buw)] 12

X {|0) + e~B/2p*p*|0)} = e~iG)|0), %)
10)=ey@&y, G=—i0@){bb—b*b*},

cosO(B) = (1 +e—Bw)~1/2,

0 that: p(0(B)|b*bl0(B)) = e~Fe/(1+e~P«), while
for a Bose system H = wa*a, [a,a*]_ = 1y it gives:
108))p = [1— exp (—Buw)] /2 {exp (a*a* e=F/2)}i0)
=e-iG|0), G =—i0(f)(@a — a*a*), (6
cosh®(B) = (1 —e~wB)~1/2
hence: 5(0(8)1a*210(B))g =P /(1 — e~ Fw),
A generalization onto the level of quantum field

theory is immediate, thus leading to a countable collec-
tion of identities:

pO@)a?a, 0By = = Fs/(1— e=6s),

FO@)I55bI0(B)p = Ps/(1+e7Ps),

with the new (infinite tensor product structure) ground
states:

0@)g. 0@, 10(8)) =11, ®|0(R)); -

Assume now a lower bound wo = wy for the admis-
sible frequency spectrum, and let §> 0 (low tempera-
ture limit). Then:

M

(0B aga 0 (B))g ~ exp (—Bwg) ~ p(0(B) 165D 0(B))E »
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thus establishing an almost equivalence of boson and
spin 1/2 (fermion) modes with coinciding frequencies.
The distinction between boson and spin 1/2 modes
becomes meaningful with the temperature increase.

At this place our aim is to construct the mechanism
which is able to compensate the difference between
Fermi and Bose distributions so that both cases become
indistinguishable within experimental accuracy limits
for all finite temperature values.

2. Assume to have fixed a countable sequence
{fs}s=1,,.. of state vectors in a Hilbert space 4, and
1f) =1 ®(f®ey),. Define furthermore (notice a non-
unitarity of U, in A):
IRIEDEIEEILIGEIN
= U SO F ®)

) 2, G-D)
10\ A2 = 217 ( ) .

Let further the product vector [f,A)in [I;® (h ® " )
be constructed in the following way:

T+

Rer, 12>, 1Ln=Ile(Preéy,,

where:

Z>1n[ufsll [1+ iklfskl]l/z} e
s L0 k=1|1f,112 '

Then for each fixed value of X € (0, «) there exists in
the incomplete direct product space IDPS (|, A)) an
associated vector |@())) satisfying:

©M)afa|0(N) = sinh20,(A) = (f, Makalf, V) ,(9)

for all 5. Hence by using the basis{eg};~ ;  in Ak, we
can write:

n=hg3 1} = 1 flek- (I A1)

(f; Na¥ag|f, N) = sinh2@ (0) (10)

Z“':kwgﬂ | \Ef0-D
(1+7\) '

k=1 Ul
More details can be found in ref. [2]. By defining:
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£,(\) = —In [sinh2@4(A)/(1 +sinh2@;(A))] 11
where:
o k2 E’.ﬁ G-1
ldf,—l— =1
sinh2@,(\) = 20 (—1—) . (12)
k=1”U>\fs”2 1+
we get:
sinh2@,(\) = 1/(exp L) — 1), (13)
where
lim 2, =1 {(1 LA ) L }
m =in
— A2 +1 L0 /Ifs012-+|fsllz
so that (14)
1
1 1
li = . 15
A 25N 1 1+ £9/£12 1+¢F (15)

Let us notice that Qy(\), QF arise as dimensionless
quantities thus providing us with a continuous spec-
trum of allowed dimensional frequencies for each fixed
value Q () € R : 2,(A) = Bw,(A, B). An index f§in
w,(A, B) means that we have established a frequency
w,(A) relative to the § unit. By fixing § = 8 we have
selected a single frequency curve wy(A, B) = w,(A) =
Qs()\)/ﬁ which characterizes the A-dependence at the
thermal §-equilibrium. Obviously states |®(A)) cannot
exhibit any particular temperature dependence as
giving account of the A-constraint for all possible tem-
perature values jointly.

3. Let us now extract from |f, A) a finite tensor
product vector |f, N); = Il ; ® f}. We define a vector
IA) associated with |f, X); by putting:

(Ma¥a ) = sinh20,() - gj I ALE
5

= = I_I Sy, =
N sle;II®U)\fs (seJU}‘) slglefs U}JO),(16)

10) = Lim A) .
A—0

The redundant € ® ... ® € terms in the tensor product
were for simplicity omitted. Observe now [2—7], that
15 = texp (—a¥ay): +ak: exp (—afa,): ag projects onto
hm,\_m rA=fr =% =0, lf e, andisa prOJectlon inh
onto a llnear span of {eo, e }. Consequently: 1s f" =

I fs Take further [l ; ® f;. One can easxly check
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by a straightforward calculation that [2~7]:

[T [ler,- H@f —1FH®fs—1 [ler,.

ssJ SEJ seJ (17)
On the other hand it is easy to check that:
lim (AlaIN) = (0l 1%a§"1§;|0)
A—>oo
=(0lag :exp(—afay):10) = (Ol 0:|0) ,
lim (Alag|N) = (0] 1‘};as1§;|0)
A—>oo
(18)

= (0l :exp(—afa,): a;l0) = (0l o5 10) ,
lim (N(=1/2) + afa,N) = OH-1/2) 1 + 07 0710),

which forms a weak metamorphosis of the E(2) group
Lie algebra Ty = a¥~> Sy, Ty =a,~>S; , J3=(-1/2)+
a¥a,~>S3 into that of SU(2) in the case of spin 1/2. By
comparing with refs. [2—7], we find that the A = o
limit gives us the spin 1/2 approximation of a given
Bose field theory: each single boson degree of freedom
can be effectively replaced by an associated spin 1/2
degree. Due to eqs. (11)—(15) the A-enforcing of the
spin 1/2 approximation can be understood as a transi-
tion through a one-parameter family wg(A, B) of fre-
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quencies of a quantum Bose system at a fixed thermal
equilibrium g = 8. The A-mechanism is obviously tem-
perature independent.

Remark. A study of relations between Bose and
Fermi systems can be found in refs. [6—10]. Let us
however add that some (historically first) aspects of
the sine-Gordon—Thirring model equivalences were
studied in refs. [8,9].
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