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A metamorphosis of bosons into fermions is characterized in terms of finite temperature statistical distributions. 

1. A statistical average of a quantity A over the 
grand canonical ensemble at temperature T is given by: 

(A)=Z-l(p)Tr(Aexp(-P%)), 
(1) 

81=H-pN, Z@)=Tr(exp(-OR)), 

where His a total hamiltonian of a single elementary 

quantum system while /J is the chemical potential. 
Let us suppose that (A) can be given in the form of 
the ground state expectation value: 

(2) 
(A) =(O(P)l-4lO@)) = Z-l@) ~0$4ln)exp(-&!&), 

where Blln) =E,,ln), (nlm) = gnm, In) = (l/&$z*“eo 
and I O(j)) arises as a “temperature dependent ground 
state” [ 11, in the form: 

IO@)) =Z-1/2(j3) C e-PEJ21rr, K) , 
n 

(3) 

(ii, nlAln’, 2) = (nlAln’)G,~,~ ) In, n”) = In) In”). 

The tilde system playing the role of the reservoir appears 
according to: 

#$i)=E,lii), (n”lKz)=S,, , 

In”) = (l/fi)a”*nzu, a”e”,=o, @,a”*]_ = lB . (4) 

The use of temperature dependent expectation values 
for a spin l/2 system implies: 

H= wb*b, Lb, b*l+ = 1F , 
lo@)), = [1+exp(-&d)]-112 

X (10) + e-flw/2b*g*10)} = e-iGlO), 

10)=eooiQ, G = -iO@)$b - b*b5*), 

cosO(j3) = (I+ e-pw)-1/2, 

(5) 

so that: F(O(fl)lb*blO@))F = e-@“/(l +e-m), while 
for a Bose system H = oa*a, [a, a*] _ = I, it gives: 

IO@)), = [l- exp(-@o)]-1/2 {exp(u*a”* e-fiw/2)}10) 

= eViGlO), G = - iO(jI) (a” - a*;*) , (6) 

coshO@) = (1 - e-w@)-1/2 > 

hence: B(O@)la*alO~))B=e-~w/(l-e-~w). 
A generalization onto the level of quantum field 

theory is immediate, thus leading to a countable collec- 
tion of identities: 

B(O(@)la,*asl O@))B = e-pws/(l - e-pws), 
(7) 

F(O(P)lb:bsjO@))F = eMPWS/(l + e-pws) , 

with the new (infinite tensor product structure) ground 
states: 

l”(P))B, lo@)), 3 IW)) = n, @ IWN, * 

Assume now a lower bound w,-,Q ws for the admis- 
sible frequency spectrum, and let p % 0 (low tempera- 
ture limit). Then: 
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thusestablishinganalmostequivalenceofbosonand ~2~(X)= — in [sinh2®
5(X)/(1 + sinh

2®
5(X))J, (11)

spin1/2 (fermion)modeswithcoinciding frequencies. where-

Thedistinctionbetweenbosonandspin 1/2 modes
becomesmeaningfulwith thetemperatureincrease. 00 kIf~I

2 / i ~ (f—i)

At this placeour aim is to constructthemechanism sinh2®
5(X) = — , (12)

whichis ableto compensatethedifferencebetween k—i IIUxf5l1
2 1 + X

FermiandBosedistributionssothatboth casesbecome we get:
indistinguishablewithin experimentalaccuracylimits sinh28(X) = 1/(exp~l (A) — 1), (13)
for all finite temperaturevalues.

where

2. Assumeto havefixed a countablesequence ~ If1I~ \ i If’I~
{f

5}5=i 2 of statevectorsin a Hilbert spaceh, and urn ~2~,(X)= in I~1+ ____________ 5

If) = H~®(f®~0)8.Define furthermore(noticea non- X-+oo If~I
2+1f

5
012 I If~PI~+ If~I2

unitarity of U~in h): 50 that (14)

fl®(h®~)
5~If,X)=1Ø(fXØ~0) ~ (15)

f5X= U~f5/lIU~f5II, (8) Let us noticethat ~2~(X),~ ariseasdimensionless

i \~-i ~j—1) quantitiesthus providing us with a continuousspec-
II U2~f8II

2= ~ fk~2~ j—~-~) . trum of allowed dimensionalfrequenciesfor eachfixed
k value ~2~(X)E R~:~2~(X)= 13w

5(X, j3). An index /3 in

Let further theproductvector If, A) in l1~e (Ii ® h)~ w5(X, /3) meansthatwe haveestablishedafrequency
beconstructedin thefollowing way: ws(X) relativeto the/3 unit. By fixing ~3= /3 we have

selecteda singlefrequencycurve w5(X, ~) = ~~(X)=
f5°E R, f5

0 >0V~, If, A) = fl ® (fX® , ~2~(X)//3which characterizestheA-dependenceat the
S thermal13-equilibrium.Obviouslystates8(X)) cannot

where: exhibit anyparticulartemperaturedependenceas
00 giving accountof theA-constraintfor all possibletern-

Elnf-~-~-[1 + ~ ,~~k
111/2 peraturevaluesjointly.

s ( J~9 L k=i If Il
2-1

3. Let usnow extractfrom If, A) a finite tensor
Thenfor eachfixed valueof XE (0, 00) thereexistsin productvectorIf, A)~= 11sEJ®f~.Wedefinea vector
the incompletedirectproductspaceIDPS(If, X)) an IX) associatedwith If, A)~by putting:
associatedvector18(X)) satisfying:

(AIa*a IX)=sinh20(A)- 11 iiu fll~
(8(X)Iaa

518(X))= sinh
20

5(X)= (f, XIa’a~If,A) (9) ~ S se.J ~
for ails. Henceby usingthebasis{ek}k0 1 in h, we /
canwrite: lX)= fl®U~f5=~IT U~)- Il®f5:=U~I0),

rEf sEJ (16)

h=h5~f~=Ef~e~-(1/lIU~f5ll), 0)00 lirniA).
k=O x-÷o

(f, XIa’a5If, A) = sinh
20

5(X) 10 The redundant~o®-- ~ termsin thetensorproduct

00 2 k ~ were for simplicity omitted. Observenow [2—71,that~ kIf~I (111(11) = :exp(—a’a5):+a :exp(—a~’a5):a5projectsonto

k=1 IIU~f5Il ~1+ A / lim~~~ f5 = ~k=O,1f~ek andis a projectionin h
onto alinearspanof{e0, e1}. Consequently:1~f5X=

More detailscanbe found in ref. [2]. By defining: f5°°= 1~f5.Takefurther H5~j®f5.Onecaneasilycheck
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by a straightforwardcalculationthat [2—7]: quenciesof a quantumBose systemat a fixed thermal
equilibrium/3 = (3. The A-mechanismis obviouslytem-

UI i~11 ®j’~= IT ®f~00= III ®f~=1F ~ ®f
5. peratureindependent.

snf 5EJ sEJ sEJ sEf (17)

On theotherhandit is easyto checkthat: RemarkA studyof relationsbetweenBoseand
Fermi systemscanbe foundin refs. [6—10].Let us

lirn (XI a5~’lA) = (OIl~a’l ~10) howeveraddthatsome(historicallyfirst) aspectsof
X-+oo thesine-Gordon--Thirringmodelequivalenceswere

= (0Ia5~’:exp(—a5~’a5):10) = (0Ia~I0), studiedin refs. [8,9].

urn (XIa5IA) = (0I1~a51~I0) References
X-~OO

(18)
= (UI : exp(—a’a5): a5I0) = (UI a~10), [1] Y. TakahashiandH. Umezawa,Coil. Phenomena2

(1975)55.

lim (Al (— 1/2) + a’a5IA) = (01 {(— 1/2)1~+ a~a~10), [2] P. Garbaczewski,A conceptof spin 1/2 approximationin
thequantumtheoryof Bosefields, submittedfor publi-
cation.

which formsa weakmetamorphosisof the E(2)group [3] P. Garbaczewski,Commun.Math.Phys.43 (1975)131.
Lie algebraT7= a~-~S, T~= as~ .i~3= (— 1/2)+ [4] P.Garbaczewskiand Z. Popowicz,Rep.Math. Phys.11

a~a5-~S~into that of SU(2)in thecaseof spin1/2. By (1977)59.
[5] P. Garbaczewski,J. Math. Phys. 19 (1978)642.

comparingwith refs. [2—7],we fmd that theA CO [6] P.Garbaczewski,Acta Phys.Austr. Supp.XVIII (1977)
limit givesus thespin 1/2approximationofa given 331.
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tion througha one-parameterfamily w5(X, ~) of fre-

193


