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Summary. Construction of a Fock representation of the CAR algebra in a given Fock representation
of the CCR algebra is extended to include physically admissible quantum fields: an example of
a free spin-1/2 quantum field constructed from a spin-1 vector boson quantum field is considered.

1. Let a triple {a*, a, fo}x generate a Fock representation of the CCR algebra
over K (a separable complex Hilbert space) acting in & = #', A being another Hilbert
space. Let — denote an involution in K and (-, .) a bilinear form in K3 f, g:

(M la(f)a@*)-=(f.9)ls, a()))o=0.

It was shown in [3] that each triple {a*, a, fo}x induces in ZrcP (a,dnijtting an
extension to the whole Hyc#) the triple {b*, b, fo}x generating a Fock represen-
tation of the CAR alegbra over the same K:

(2 B(Nb@* =81 b(f)fo=0.
Numbers of internal degrees of freedom in the construction are the same for bosons

and fermions (K =(—1B #? (R%)), which seems rather unsatisfactory from the physical
point of view. We attempt to overcome this difficulty for a concrete example of spin-1
massive charged and spin-1/2 massive free quantum fields.

2. Recall the standard notations:
(i) massive charged free vector field

3 .
U, (=5 )+ ), UE@=) [dp g (0 dE (),
©) 1 R
dE (= @ +iak ) (), ()= @ —iala) (),
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where

) (a5 (K), @, (P)]- =0, 6 (k—p) 1.
Hence we deal with the triple-
{a*, a, fo}x, K=€lr6) L2 (R, k,peR®.
(ii) complex massive spin-1/2 field
2
O Ve @= @@ wE@= [dpuis(p 0 et (1),
=1

with

! .

| %
czt (p) = W (btt +b1i+ 2) ([)), Clt (P) =7 (bzi _'ibli;- 2) (I’) >

|

where :
b*=b* b~ =p,

) B (P), b1 ()]s =6, 6 (p—g) 1.
Hence we deal with the triple

4
{b*, b, fo}x, K=(—P 22 (R3).

3. To construct field (ii) in terms of field (), we will induce the triple {77’, b, folx,
from the triple {a*, a, f,}x, where

6 4
K=® £*(R® and K'c® 22 (R3).
1 1

For this purpose let us introduce the following map K— K, realized by the 6x 6
matrix:

a, c , Yl-a2=e

5 abc abyT=a2_¢2

’ 1 —q?’ 1 —a? 0

0, 0 , 0

® D= =
a, ¢ , Yl-a?—¢2
0 - abe _ab y"]—az——ﬁ

’ 1—a?’ 1 —a?
0, 0 0

where a, b, ¢ are real parameters restricted by the condition DX =p¥,
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One can easily prove the following property of D:

1,0, 0
0,1,0 0
0. 0, 0
s
@) g 1,0,0
0 [0, 1,0
0,0, 0|

D is of course not a projector.
Let K’ denote a subspace of K consisting of the following elements:

(10) K> {a,, as, as, ds, as, ds}, K’ 3Da={a}, a,,0, a3, a;, 0}:=a’.
We immediately obtain
DD=1,.

Let us remark in this place that neither finite matrix can simultaneously satisfy
both identities:

1 DD*=1g,, DD=1,.
Hence
D*K'cK, DK#K.

Denote DK'=K''< K. One easily finds that D and D* establish an isomorphism
between subspaces of K: K <K'

6
4. Given {a*, a, fo}x, K=@ £? (R*), we introduce the triple {Zz’, a', fo}x in
the following way: !
KDKII afr/,
(12) a(f")=(a,f")=(a, D* f')=(Da, f') : =(a’, f')

being valid in 2 for all /'€ K’, or equivalently:

6
(13) a (P)=(Da) (p)= )" D" a,(p).

This makes it possible to consider the number of four generators:
(14) {a,, a,,0, a3, a,, 0}

with the property

(15) k=1,2,3,4, [a,(p)a} @]-=00(p-9)1s

fulfilled in 2, while smeared with test functions from K'.

We have thus constructed a certain CCR algebra describing four internal degrees
of freedom in the CCR algebra describing six internal degrees of freedom in the
theory, and obtained the desired “less physical” generators constructed in terms
of physically permitted generators.

6
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5. Having the triple {a’, @', fo}x:, through a standard construction given in [3]
we obtain the triple {b’, b’, fo}x/, generating a Fock representation of the CAR
algebra in the Fock representation of the CCR algebra (generated by {:z’, a’, fotxr)-

Neglecting any detailed explanations (cf. [1,3]) we can write:

1 * ’ ’
b'(’f"): . exXp {——(al’ ar)} Z m(f‘/ a’n E",E1+" a11+,|):
(16) y 1
b ()= exp (=@ a)} 3 @ B S By )y

n
where fe K’, E, is an operator acting in & K".
1

Let fe K''<K, and let E, denote an operator in @ K'’ constructed from E,
with the help of D, D %, D*. We can write: '

* 1
b (f)=exp {—(@ @} Y, 77 ([ By Eronat™):

(17) !

b ()= exp {—(@ ap} Y o @ " Even S En @)
where :
(18) (2, @)p=(a, DDa)=((Da)*, Da).

There are generators {b*', b’, fo}x, constructed explicitly in terms of generators
{a, a, fo}x with K restricted to K'’. In virtue of [3], we have:

(19) ' (), b (€. =(["s &) Le=(], DDg) 1,=(f, 2o 1r,
or equivalently:
(20) by (), by (@) =0k 0 (P—q) 1r-

6. The above considerations enable us to calculate explicitly commutators
between %, (x) and y,(y). In the conventional formulation of quantum field theory
these commutators are stated axiomatically (see [S]). The question of such mutual
commmutation relations for free quantum fields will be discussed in a forthcoming

paper.
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Il. IapGayencku, Konerpykuus cBoOOAHBIX (epMHOHOB €O cmuHOM 1/2 ¢ MacCOBHBLIX 0O30HOB CO
cnuaom 1

Conepxanne. Koncrpykuust npexcrasinennsi Poka KaHOHHYECKHMX AHTHKOMMYTALMOHHBIX COOT-
HOUIEHWt B mpeAcTaBieHnH POKa KOAHHHYECKHX KOMMYTALMOHHBIX COOTHHINEHHII pacimMpeHa
Ha chyyaili cBOOGOIHBIX mosei: GpepMHOHHOTO co crcoM 1/2 ¥ MacCMBHOrO BeKTOPHOro (crmH 1).




