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Summary. An idea to construct a representation of the CAR algebra in a given Fock representa-
tion of the CCR algebra is extended to include pairs of representations determining arbitrary
physically admissible free quantum fields. The arbitrariness concerns only internal (spin, charge)
degree of freedom in the theory. :

1. It was proved in [1] that one is able to construct a certain (Fock) representa-
tion of the CAR algebra in a given Fock representation of the CCR algebra. This
result would at first seem unsatisfactory from the physical point of view: both
representations are spanned over the same test function space, and therefore can
describe the same number of internal degrees of freedom in the theory.

We attempt to finally overcome this difficulty (the case of spin 1/2 massive charged
and spin 1 massive charged free quantum fields was considered independently in
[2]). We show that in the representation generated by the Bose triple {a*, a, 2},

N
Ky being an indefinite metric space K or a Hilbert space @ 22 (R?), we can construct
1

representations of the CAR algebra generated by the triples {b*, b, Q}x, with
M
K’=(-lB %? (R®, N, M arbitrary positive integers.

4
2. Let K=€1~) Z£? (R?) be given with the sesquilinear form

) (F9=) 8w (fur )= (fur

implemented by (-, +), a bilinear form in K; > f, g and g,, belng the metric tensor
of Minkowski space.

The triple {a*, a, Q}, is generating Up (Kj). a Fock representatlon of the CCR
algebra over Kj:

[a, (k), a; (P)]- =8u 6 (k—p) 15,
2 [a, (k), a, (P))-=
a, (k) 2=0, k,peR>.
[201]
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Uy (K;) is spanned by functional polynomials:

G  FE )= e (Famir )= b3 —l—f dk, [ dp,x

= /
“ Yn! m! Vn!m!

gb—nm,(p'm k,,, Vrmpm) a:1 (kl) 2‘:lu,l (kn) b avl (pl) avm (pm),
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where
n4m

ane@Kb dkn=dk1) sne) dkm p‘n=(1ula sety /l,,), ku=(k19 C) kn)'

Acting on the Fock vacuum these polynomials span a linear manifold Uy (K;) 2
consisting of the elements:

1 "
@) F (a*, a)Q::F:Z l*’_F(Fk’ &) Q=

1
= Z —l/—];' f dpy - Z « Fy (Bs i) 115 Prs os M PR 5
% : "

Sanats Hi
where |y P, ...» i i) is the k-particle state vector. The indefinite metric structure
of Uz (K)) 2

®) (F,G6): Y (Fu G

can in many ways be equipped with the Hilbert space topology (see [5]). A comple-
tion of Ug(K,) 2 with respect to any Hilbert space topology is denoted by %
and called the representation space for the triple {a*, a, Q}x,.

3. Assume an orthonormal (but necessarily incomplete) system {/;};-;, » .. in
K, is given

(1) (s )= " [ dp Bt () by (P)=01;,

(An example can be found in [4]). With this system we can take into account an
enumerab'e infinite set of Bose generators {a,,d;};= 1, 2.

2) ai=a(h)=">" [ dpa,(p) K (p).

These generators fulfill

[a;, a;]_ =0J;; 1g,
(3) [a;, a;]-=0,

a; 2=0.

. ¥ :
Now a Hilbert space K=® #2 (R?) is given. It is spanned by an orthocomplete
1
set {e;}i=1,2,..°

> [ & ) &n)=du,
@
D& ()¢ @=0ud(p—9).

/ i
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With the help of (3.2) and (3.3), we can introduce in Uy (K;) a new Bose triple
{a*, a, Q) generating a Fock representation of the CCR algebra over K and again
defined in Z2<=%;. Here, by definition:

5) a.(p)= Z & (p)
and operator series are convergent in terms of the coherent state expectation value:

ze K, (Zla(P) )=z (p)= ) z-e(p),

i

1
©) 2)=exp (— ¥ uzuZ) -exp (z,a%) @,

z|)2 = lz;i|2 <00, (z,a*):= z a .
i ]
7 .9

In the new triple, we have trivially fulfilled

| [a (p), a; (@)]- =06 6 (p—q) 15,
(7) l[a: (p), @i (@)]- =
ak(p)g=0’ Vk’p'

Polynomials in a,, a; are, of course, through (3.5) and (2.4) polynomials in a,, a},

and hence — elements of Up (K)). A representation space for the new triple is there-
N

fore included in Fg. Changing N in K=@ %2 (R?), we can obtain the whole family
1

of representations of the CCR algebra, expressed by indefinite metric representa-
tion and allowing to consider an arbitrary needed (choose proper N) number of
internal degrees of freedom in the theory. :

In an analogous way, starting from any {a*,a, Q}K, K—@ Z? (R3), one can

define in Uy (K) the triple {a*, a, Q}x., with K'= @jz (R®) and N#M.

4. In the construction of the representation of the CAR algebra in a given Fock
representation of the CCR algebra given in [1] we considered the case of scalar
generators (lack of spin and charge).

Let us reproduce the formula for the annihilating generator in the Fermi triple
{b*, b, Q}¢ generated by the Bose triple {a*, a, Q}x in a certain proper subspace

of the Bose representation space K=(—?3 L2 (R*) s f (cf. [1]]:
1
1) b(f)=:exp{-(a¥, a)}-; mfdpnf A >
N
x 2 St (Bus @) - @1, (D).}, () @1, (41) ... @1, (G):
ki

where

@) @ a)=>" [dpa;(p)a(p)
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and

T P ) =Y 141 01 [y [dr D" E (pp) - Ju O ELE 0 b1 4140
K’ 7
w

Here an integral kernel E¥' (p,, p,) represents a certain operator E, in @ K, whose
= &

properties are specified exactly in [1]. k=(k,, ..., k,) represents a sequence of indices.
N

Making use of (3.2) and (3.4) for N=4 in K=@) #? (R®) we can explicitly obtain
1

a representation of the CAR algebra corresponding to spin 1/2 massive charge
Fermi field constructed in the electromagnetic free field representation of the CCR
algebra.

In this place let us mention that it is possible to calculate explicitly commutators
between generators taken from appropriate Fermi and Bose representations. Through
an easy (though tedious) calculation for spin 1/2 and spin 1 (photons) defining
generators one can prove that the strong mutual locality condition for free quantum
fields constructed in terms of such generators rather cannot be achieved. Detailed
calculations can be found in [3].

5. In view of the previous results, which make it possible to construct an arbi-
trary Fock representation of the CAR algebra in any Fock representation of the
CCR algebra, the question arises of the seemingly trivial notion of normal ordering
for polynomials in generators taken from the Bose and Fermi algebras. It is enough
to consider scalar representations K=.27 (R3).

In the literature, the symbol:-: is understood to order creation operators left
to annihilation ones, not specifying what kind of statistics these operators obey.
We attempt to show that the specification is necessary to avoid confusion.

The Bose triple {a*, a, Q}x acting in 2<% and the induced Fermi triple
{b*, b, Q}x are given. According to the conventional definitions, we introduce:

) ra(f)a(@*p=a(f)a@*—(f,8) Lr=a(@®*a(f),
03 b ()b (@*:e=b(N)b(@*—(f,8) lr=—b(@*b(f).

On the other hand, & (f) b (2)* can be expressed by the formula (see in this connec-
tion [1, 2])

(€) b (f)b(8)*=(f. 81— :exp {—(a*, a)} f (@*, @):p,
where

@ :exp {—(a*, @)} f(a*, a):p=b ()* b (/).
Concluding

©) b ()b (@*:s=(f.8) 1e—:exp {—(a*, @)} f (@*, @) :5=b (f) b (&)*.
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Comparing this fact with (5.2) one can see that it is necessary to distinguish
between the normal ordering for the Bose and the Fermi generators in our for-
malism.
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II. T'apbauesckm, Ilpexcrasiennss CAR remepupoBansl B npeicrasienansx CCR.

Conepxanne. Koncrpyknusi nperncrasnesnst anredpst CAR B (OKOBCKOM TpeNCTABICHHH Aall-
rebpsi CCR. o6o6miena Ha ciy4aif map IpelCTaBlIeHHil ONpeIeNsiOmUX IOBOIBHBIE (H3MYCCKH
JIonyCTHMBI CBOGOIHbIE KBaHTOBBIE 1M0Js1. CBOGONA CBs3aHA 3/€Ch C BHYTPESHHHMH (CITHH, 3apsil)
CTENEeHsAMH CBOOOIbI TEOPHH.




