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Abstract. The transformation connecting transition densities of the diffusion process with the
respective Feynman-Kac kernels, induces the local field of accelerations which equals the gradient
of the Feynman-Kac potential and becomes the straightforward analog of the Ehrenfest theorem.

Let us consider(l:?] a Markovian diffusion X (t) in R! (space dimension one is
chosen for simplicity) confined to the time interval ¢ € [0, T], with the point of origin
X(0) = zo. The individual (most likely, sample) particle dynamics is symbolically
encoded in the It6 stochastic differential equation, which we choose in the form:

dX(t) = b(X(t),t)dt + V2D dW(t) (1)

with X(0) = z¢, D a diffusion coefficient, W(t) a normalised Wiener noise, and the
drift field b(z,t) is assumed to guarantee the existence and uniqueness of solutions
X (t). They are then non-explosive i.e. the sample paths of the process cannot escape
to spatial infinity in a finite time. The rules of It6 stochastic calculus imply that
the transition probability density of the process (its law of random displacements)
p(y,s,z,t),s <t solves the Fokker-Planck equation with respect to z,t

8ip = DAgp ~ Vz(bp) (2)
lime_. p(y,s,z,t) = 6(z —y) s<t
Following Stratonovich,[?] let us transform (2) by means of a substitution

equ)(yrs) (3)

p(y,s,z,t) = h(y,s,r,t)ezpq)(z D

which under the assumption that b(xz,t) is the gradient field
b(z,t) = ~2DV®(z,t) = %[% +Vb] = D[(V®)? — AD] . 4)
This allows us to replace (2) by the generalised diffusion equation
Oth = DALh — (=0,® + D[-A® + (V®)*])h . (5)
limy_sh(y,s,z,t) = 6(z — y)
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Its (to be strict positive) solution can be represented in terms of the Feynman-Kac
(Cameron-Martin) formula, which integrates the ezxp[— f ' Q(z, u)du/2mD] contri-
butions from the auziliary potential Q(z,1)

Q
2 = 3D(~8,% + D[-A® + (V)Y)) = 208, + Db+ %bz (6)

with respect to the conditionall*! Wiener measure

h(y, s, z,t) =/exp[—2771lﬁ/s Q(z, u)du]ldW [y|z] . (M)

Since, as a consequence of (1), (2), h(y, s, z,t) must be strictly positive, we recognize
it as the integral kernel of the dynamical semigroup operator e:cp[—z—”l;ﬁ f:(QmDZA—
Q)du] with the appropriate restrictions (continuity, boundedness from below) on
Q(z,t), and hence ® implicit. All this is valid under the assumption that the process
respects the naturall!®! boundary data where the density of the diffusion (hitherto
not explicitly introduced) vanishes, with boundary points at infinity.

Given p(y, 5, ¢, t),we can utilise the It6 formula [:2:5:3] which for any smooth func-
tion of the random variable states that its forward time derivative in the conditional
mean, reads

IimAtloZIt-[/p(z,t,y,t + At)f(y,t + At)dy — f(z,t)] = . (8)

(D+ )X (2),8) = (8 + bV + DAY (X (1), 1)

with X(¢) = z. Then, for the second forward derivative (in the conditional mean)
of the diffusion process X(t), in virtue of (4), (6) we have

(D2X)(t) = (Db)(X(2),t) = (8:b + bVb + DAb)(X(t), 1) = T—;—VQ(X)t),t) (9)

This formula is a precise embodiment of the second Newton law (in the condi-
tional mean) governing all Markovian diffusions consistent with (1)-(7), albeit it is
”Euclidean looking”. The auziliary potential Q(z,t) plays here the role of the corre-
sponding force field potential: a bit surprising outcome for anyone familiar with the
large friction (Smoluchowski) limit of the phase space Brownian motion, however
definitely(!%] an inevitable one

Our previous discussion refers to the individual (sample) features of a parti-
cle propagation in contact with the randomly perturbing environment: the Wiener
noise is superimposed on the systematic field b(z,t) of local drifts. By attributing
an initial probability distribution po(z) = p(z,0) to the random variable X (), we
pass to the statistical ensemble (hence collective) analysis. Because of (1), (2) the
forward dynamics of the density p(z,t) = [ po(y)p(y,0, z,t)dy is uniquely defined.
The microscopic law of random displacements p(y, s, z,t),s <t generates all possi-
ble random propagation scenarios (sample paths) from each chosen point of origin
X (0) = zq, for the flight duration times ¢ > 0. The statistical outcome (prediction
about the most likely future of an individual particle) is casually considered as in-
dependent of the assumed probability distribution p(zg). However, once introduced
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this density sets a statistical correlation between individual members of the ensem-
ble, even if there are no mutual interactions to be accounted for. An interesting
ensemble characterisation of the random motion is here possible by introducing (for
Markov processes only) the transition density p.(y,s, z,t)

p(z,t)p.(y,s,x,t) = p(y, s, z,t)p(y,s) (10)

which allows to trace back the most likely statistical past of particles conditioned to
comprise the evolving statistical ensemble with the distribution p(z,t). One should
consult Refs. 6,7 to realize that any realistic diffusion (free Brownian motion in-
cluded !) admits (10): it has nothing to do with a physically realizable reversal of
the generally irreversible process. In this casel®8 we can define the backward time
derivative of the process X (t) (now supplemented by the distribution p(z,t)), which
in the jointly conditional and ensemblel®] mean reads:

timanoggle = [ pa(ut = Btz 0udi) = (D-X)O) = b(X@,0) (1)
with the corresponding It6 formula for f(z,t)
(D-)(X(@),t) = (8 + b.V — DAYf(X(t),1) (12)

Because of (10) the drifts b(z,t) and b.(z,t) are not mutually independent, and
indeed®39! on domains free of nodes (p vanishing at the boundaries) we have

bu(z,t) = b(z,t) — 2DVinp(z, 1) . (13)

Consequently, the current velocity!® field
v(z,t) = %(b + b)(z, 1) (14)

can be viewed as the supplementary to p(z,t) (it induces the osmotic velocity(5]
notion u(z,t) = DVinp(z,t) = 1(b— b.) in turn) characteristic of the stochastic
flows. This time, elevated to the macroscopic (statistical ensemble) level. In terms
of the local velocity fields u(z,t),v(z,t) both of which are gradient fields, one can
explicitly[1=12] demonstrate that

(D3X)(t) = 8w+ vVv + %VQ = (D2 X)(t) (15)
1/2
Q(z,t) = 2mD2%/1:7—2—

which extends the identity (9) to (D2 X)(t). With the density p(z,?) in hand, we
can evaluate the mean (ensemble expectation) values of (15) and (9)

E(D3X)(1)] = B(D2 X)(0)] = = BIVR(X (1), 1) (16)



60 P. GARBACZEWSKI

where because of (cf. the original version of the Ehrenfest theorem(!314] in quantum
mechanics, which exploits the previously mentioned property that the probability
density vanishes at the boundaries of the integration volume

E[VQ(X(t),t)] =0 (17)

there holds a classical Liouville equation in the mean, with the ”Euclidean looking”
potential (in view of the minus sign absence)

E[(8v + vVo)(X (), )] = -TI;E[(VQ)(X(t),t)] . (18)

On the other hand, in virtue of the continuity equation, we have
E[X()] = / op(e e =

& BIX ()] = 5(BID, X] + EID_X]) = Ep(X(2),1)] (19)

and furthermore (see also Ref. 15)

d? d 1

LIEIX()] = S EW(X(0),0)] = El(@0 + v9o)(X(2),1)] = —E[VR(X(),0)] (20)
hence the ”Euclidean looking ” second Newton law is found to be respected by the
diffusion process (1) both in the conditional (9) and the ensemble (15), (20) mean.

Notice that the auxiliary potential in the form Q = 2Q —V where V is any Rellich
class (to allow for the Feynman-Kac formula for the semigroup kernel) representative,
defines drifts of Nelson’s diffusions, for which E[VQ] = 0 = E[VQ] = —E[VV] i.e.
the “standard looking” form of the second Newton law in the mean arises.

Our previous discussion associates an a priori given drift (control) field b(z,t),t €
[0, T] with a potential Q(z,t). Clearly, we encounter here a fundamental problem
of what is to be interpreted by a physicist (external observer) as the external force
field manifestation in the diffusion process. Let us invert our previous reasoning
and take not b(z,t)but Q(z,t),t € [0,T] to be given a priori as a primary dynamical
control for the Markovian diffusion (1), (2), which we are in principle capable of
manipulating (the role attributed to the external observer). Then, we shall say that
the diffusion respects the second Newton law in the conditional mean, if

(DIX)(1) = —VOAX(2), ) (21)

holds true.
The evolution in time of the gradient drift field b(x,¢) and this (given a priori)
of Q(z,t) are compatible if
1
b+ bVb+ DAb = —’I’I;VQ (22)

bo(z) = b(=,0) .
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It is a sufficient compatibility condition, which allows us to derive the drift dynamics
from this Q(z,t). In the time-independent case there is no real freedom in the choice
of the initial Cauchy data for Eq. (22), and an identity Qq(z) = m(DVbo+3b3)(z) =
Q(z,0) must be satisfied.

Eq. (22) sets a well defined Cauchy problem for b(z,t) in terms of Q(x,t). If
we associate an initial probability distribution po(x) with X (0), then our (sufficient)
compatibility condition (22) can be equivalently (!) written as the coupled Cauchy
problem

Op = —V(pv)
Gv+ovVv = —:;V(Q -Q@) (23)

pol2) = p(z,0), 1o(2) = v(z,0)
where bo(z) = vo(z) + DVinpo(z), with the initial data essentially unrestricted,
except for the time-independent case.

Remark 1: One should not be misled by the seemingly complicated form of the
nonlinear coupled Cauchy problem (23). It is precisely Eq. (22), which guarantees
its solvability. Indeed, by virtue of the standard path integral identity(!:

p(y,s,z,t) = Iimmlo/dzl.../dz,,(/hrDAl!)"‘/2 (24)

n-1

1 2
e:z:p(-—m ;}[zkﬂ — zp — b(z2x, 1) At)?)

i —
At = 5

120 = Y, 2n :xytO:S)tn:t

it suffices to know the time development of the drift b(x, t) to have uniquely specified
the time evolution of p(x,t) = [ p(y, s, z,t)p(y, s)dy, once po(z) is given.
Remark 2: Since

n-1

p(y,s,z,t) = IimA,lo/dzl.../dzn Hp(zk,tk,zk+1,tk+1) (25)
k

=0

we can perform the Stratonovich substitution (3) for each entry separately, and
observel that

n-1

p(y, s,2,t) = ezp[®(y,s) — q)(xat)]limAth/dzl-'-/dzn 11 e tes zegas tisr) -
k=0
(26)

The semigroup composition property is here clearly seen. It in turn justifies the
procedures of Refs. 10-12, see also Refs. 15-17.
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